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Abstract. The analysis and the classification of all reductions for the nonlinear 
evolution equations solvable by the inverse scattering method is an interesting 
and still open problem. We show how the second order reductions of the TV-wave 
interactions related to low— rank simple Lie algebras g can be embedded also in 
the Weyl group of g. This allows us to display along with the well known ones a 
number of new types of integrable TV-wave systems. Some of the reduced systems 
find applications to nonlinear optics. 
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1. Introduction 

It is well known that the TV-wave equations ^, ||, ||, |(| 

i[J,Q t ]-i[I,Q x ] + [[I,Q},[J,Q]]=0, (1.1) 

are solvable by the inverse scattering method (ISM) j|, || applied to the generalized 
system of Zakharov-Shabat type fj], 

L(\)V(x,t,\) = (i-^ + [J,Q(x,t)]-\j) *(M,A) =0, Jet), (1.2) 



dx 

Q(x,t) = ^ Q*{x,t)E a = Y (q a (x,t)E a + p a (x,t)E_ a ) G fl\f), (1.3) 



aGA a£A 



+ 



where Q(x,t) and J take values in the simple Lie algebra g. Here f) is the Cartan 
subalgebra of q, A (resp. A + ) is the system of roots (resp., the system of positive 



roots) of g; E a are the root vectors of the simple Lie algebra q. Indeed, equation (1.1) 
is the compatibility condition 

[L(A),M(A)]=0, (1.4) 

where 

M(A)*(a: > t, A) = \i^ + [I,Q(x, t)]-)dj V(x,t, A) = 0, J e f). (1.5) 

Here and below r = rankg, and a,b € E r are the vectors corresponding to the 
Cartan elements J, I £ f). 

The inverse scattering problem for ([T^) with real valued J [Q was reduced to 
a Riemann-Hilbert problem for the (matrix-valued) fundamental analytic solution of 
(1.2) |Q, 0, |^]; the action-angle variables for the TV- wave equations with g ~ sl(n) were 



obtained in the preprint M, see also Q. Most of these results were derived first for 
the simplest non-trivial case when J has pair-wise distinct real eigenvalues. 

However often the reduction conditions require that J be complex- valued, see 
[B 0- Then the construction of the fundamental analyti c so lutions and the 



solution of the corresponding inverse scattering problem for (1.2) becomes more 
difficult 0,|l| . 

The interpretation of the ISM as a gene ralized Fourier transform and the 
expansions over the "squared solutions" of ( |l.2j ) were derived in |1 for real J and 
in |ll[] for complex J. This interpretation allows one also to prove that all N- 
wave type equations are Hamiltonian and possess a hierarchy of pair-wize compatible 
Hamiltonian structures § {H^ k \ QW}, k = 0,±1,±2, . . .. 

Indeed, as a phase space .Mph of these equations one can choose the space 
spanned by the complex-valued functions {q a ,Pa,ct £ A + }, dimc-M p h = |A|. The 



the corresponding nonlinear evolution equation (NLEE) as, e.g. (1.1) and its higher 
analogs can be formally written down as Hamiltonian equations of motion: 

rt k) (Qt,-) =dffW(-), fc = 0,±l,±2,..., (1.6) 

where both $1,^ and H^ k ' are complex-valued. The simplest Hamiltonian formulation 
of (JD]) is given by {H^\ Q^} where Jf W = H + Hi and 

/OO 
dx (Q,[I,Q X }) = #o(a), (1.7) 

q£A + 
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H (a)=ic [ dx ^' a \ (q a p a ,x - q a .xPa), (1.8) 
./-oo («,«) 

/OO 
dx<[J,Q],[Q,[J,Q]])= XI ^S(a,P,i)] (1.9) 
~°° W,7]eA( 

%ft7) =c o dx{q a pi3Py-p a q0y), wp„ = rdet - - 

and the symplectic form f2(°) is equivalent to a canonical one 

(o) = !£o /" dx /[j j< yQ( a . jt )] A $Q( a . jt )\ = ^ ft (0) (a), (1.10) 

O (0) (a) =ic ^^ [ dx5qJx,t)A5p a (x,t). (1.11) 
Here cq is a constant to be explained below, ( • , • ) is the Killing form of g and the 



t riple [a, j3, 7] belongs to M if a, /3, 7 € A + and a = /? + 7; Np n is defined in ( 2.13 ), 



( p. 14D below. 

The Hamiltonian of the iV-wave equations and their higher analogs depend 



analytically on q a ,p a - That allows one to rewrite the equation (1.6) as a standard 
Hamiltonian equation with real-valued and H^ k \ The phase space then is viewed 
as the manifold of real-valued functions {Reg Q , Rep a , Img Q , Imp a }, a € A + , so 
dhriR.Mph = 2|A|. Such treatment is rather formal and we will not explain it in 
more details here. 

Another better known way to make and flw real is to impose reduction on 
them involving complex or hermitian conjugation; below we list several types of such 
reductions. Obviously we can multiply both sides of ( |1.6[ ) by the same constant Ck- 
We will use this freedom below and whenever possible will adjust the constant Cq (or 
c fc ) in such a way that both Q(°\ (or fi( fc) , H^) are real. 

Physically to each term H (a, f3, 7) we relate part of a wave-decay diagram which 
shows how the a- wave decays into (3- and 7- waves. In other words we assign to each 
root a a wave with wave number k a and frequency u> a . Each of the elementary decays 
preserves them, i.e. 

k a = kp + fc 7 , uj{k a ) — io(kp) + cj(foy). 

Our aim is to investigate all inequivalent I2 reductions of the .ZV-wave type 
equations related to the low-rank simple Lie algebras. Thus we exhibit new examples 
of integrable N-w&ve type interactions some of which have applications to physics. 

From the definition of the reduction group Gr introduced by A. V. Mikhailov in 
|[o) and further developed in [[l3[ |lj, [l5| it is natural that we have to have realizations 
of Gr as: i) finite subgroup of the group Aut (9) of automorphisms of the algebra g; 
and ii) finite subgroup of the conformal mappings on the complex A-plane. We impose 
also the natural restriction that the reduction preserves the form of the Lax operator 



(1.2). In particular that means that we have to limit ourselves only to those elements 
of Aut (jj) that preserve the Cartan subalgebra f) of g. This condition narrows our 
choice to Vb <8> Ad (I)) <g> W(g) where W(g) is the Weyl group of g and Vb is the group 
of external automorphisms of g. As a result we find that the reduction is sensitive to 
the way Gr is embedded into Aut (g). 

We start with the Z2-reductions which provide the richest class of interesting 
examples and display a number of non-trivial and inequivalent reductions for the TV- 
wave type equations. 
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In the next Section 2 we briefly outline the main idea of the reduction group fllOfl . 
In Section 3 we introduce convenient notations and describe how generic Z 2 -reductions 
act on if(°) and We also list the properties of the Weyl groups for the algebras 

Afc, Bfe, Cfe, k = 2,3 and G2. The main attention here is paid to their equivalence 
classes. Obviously if two reductions generated by two different automorphisms A and 
A' are inequivalent then A and A' must belong to different equivalence classes of W(g). 

The list of the inequivalent reductions is displayed in Section 4. For each of the 
cases we list the restrictions imposed on the potential Q and the Cartan elements J 



and I. Wh enever the reduction preserves the simplest Hamiltonian structure (1.7), 



(1.9), ( 1.10 ) we write down only the Hamiltonian. In the cases when the reduction 
makes the simplest Hamiltonian structure degenerate we write down the system of 
equations. 

Whenever Gr acts on iU(x, A) as Cartan involution the result of the reduction is 
to get a real form of the algebra q. These cases are discussed in Section 5. 

In Section 6 we formulate the effect of Gr on the scattering data of the Lax 
operator. In the next Section 7 these facts are used to explain how in certain cases 
the reduction makes 'half of the symplectic forms and 'half of the Hamiltonians 
in the hierarchy degenerate. The paper finishes with several conclusions and two 
appendices which contain some subsidiary facts about the root systems of the Lie 
algebras (Appendix A) and the typical interaction terms in Hi (Appendix B). 

The present paper is an extended exposition of a part of our reports with 
some misprints corrected. 

2. Preliminaries and general approach 

The main idea underlying Mikhailov's reduction group |l(| is to impose algebraic 
restrictions on the Lax operators L and M which will be automatically compatible 
with the corresponding equations of motion ( |1.4| ). Due to the purely Lie-algebraic 



nature of the Lax representation (1.4) this is most naturally done by imbedding the 
reduction group as a subgroup of Aut q - the group of automorphisms of g. Obviously 
to each reduction imposed on L and M there will correspond a reduction of the space 



of fundamental solutions = {%>(x,t, A)} of (p..2j) and (1.5). 

Some of the simplest Z 2 -reductions of N-w&ve systems have been known for a 
long time (see [fiof ) and are related to external automorphisms of and C5, namely: 

C x (V(x,t,\)) = A 1 * t (j;,i,K 1 (A))A ] ; 1 = *~ 1 (a;,t J A), «i(A) = ±A*, (2.1) 

where A\ belongs to the Cartan subgroup of the group 0: 

Ai = exp (mHx) , (2.2) 

and Hi € t) is such that a(Hi) £ 1 for all roots a £ A in the root system A of 
g. Note that the reduction condition relates the fundamental solution ^(x,t, A) G © 



to a fundamental solution ^j(x,t, A) of (1.2) and (l.S) which in general differs from 
9(x,t,X). 

Another class of Z 2 reductions are related to external automorphisms of the type: 
C 2 (y{x,t,\)) = A 2 y T (x,t lK2 {\))A- 1 = y- 1 (x,t,\), k 2 (A)=±A, (2.3) 
where A 2 is again of the form (|2.2|). The best known examples of NLEE obtained 



with the reduction (2.3) are the sine-Gordon and the MKdV equations which are 



related to g ~ sl(2). For higher rank algebras such reductions to our knowledge have 
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not been studied. Generically reductions of type (2.3) lead to degeneration of the 
canonical Hamiltonian structure, i.e. = 0; then we need to use some of the higher 
Hamiltonian structures (see |L0[ p"l| ) for proving their complete integrability. 

In fact the reductions ( |2.l| ) and ( |2.3| ) provide us examples when the reduction is 
obtained with the combined use of external and inner automorphisms. 



Along with (2.2), (2.1) one may use also reductions with inner automorphisms: 

(2.4) 



and 



C 3 (*(*,*, A)) =A 3 V*(x,t, Kl (\))A- 1 = *(x,t,\), 



C 4 (V(x, t, A)) = A^(x, t, k 2 (A))^4 1 = t, A). 



(2.5) 

Since our aim is to preserve the form of the Lax pair we limit ourselves by 
automorphisms preserving the Cartan subal geb ra f). This condition is obviously 
fulfilled if Ak, k — 1,...,4 is in the form (2.2). Another possibility is to choose 
A%, . . . , Ai so t hat th ey c orrespond to Weyl group automorphisms. 

In fact (2.1) and ( |2.3| ) are related to exte rnal automorphisms only if g is from the 
A r series. For the B r , C r and D r series (2.1) is equivalent to an inner automorphism 
( |2.4| ) with the special choice for the Weyl group element wo which maps all highest 
weight vectors into the corresponding lowest weight vectors (see Remark (|l|)). Finally 
1*2 reductions of the form (2.1) in fact restrict us to the corresponding real form of 
the algebra g. 



2.1. The reduction group 

The reduction group Gr is a finite group which preserves the Lax representation ( |l.4| ) , 
i.e. it ensures that the reduction constraints are automatically compatible with the 
evolution. Gr must have two realizations: i) Gr C Autg and ii) Gr C Conf C, i.e. as 
conformal mappings of the complex A-plane. To each g k £ Gr we relate a reduction 
condition for the Lax pair as follows fnj: 

C k {L(T k {\))) = n k L(X), C k {M(T k (X))) = Vk M(X), (2.6) 

where C k € Aut g and Tfc(A) £ ConfC are the images of g k and n k = 1 or — 1 
depending on the choice of C k . Since Gr is a finite group then for each g k there exist 
an integer N k such that g k k = 1. In all the cases below N k — 2 and the reduction 
group is isomorphic to Z2. 

More specifically the automorphisms C k , k = 1, ... ,4 listed above lead to the 
following reductions for the matrix-valued functions 

U(x, t, A) = [J, Q(x, t)} - A J, V(x, t, A) = [I, Q(x, t)] - XI, (2.7) 

of the Lax representation: 

1) d(f/t( Kl (A))) = E/(A), C 1 (V\k 1 {X))) = V(X), (2.8a) 

2) C 2 (U t (k 2 (X)))=-U(X), C 2 (V t (k 2 (X))) = -V(X), (2.8b) 

3) C 3 (U*(k 1 (X))) = -U(X), C 3 (V*( Kl (X))) = -V(X), (2.8c) 

4) C 4 (U(k 2 (X))) = U(X) 1 C 4 (V(k 2 (X)))=V(X), {2.8 d) 
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2.2. Finite groups 



The condition (2J3) is obv iously compatible with the group action. Therefore it is 



enough to ensure that ( |2.6|) is fulfilled for the generating elements of Gr. 

In fact (see [p"7|| ) every finite group G is determined uniquely by its generating 
elements gk and genetic code, e.g.: 

g?* = l, {9j9k) Nik =^ N k ,N jk eZ. (2.9) 

For example the cyclic Zjv and the dihedral D^r groups have as genetic codes 

g N = 1, N > 2 for Zjv, (2.10) 

and 



5? = 52 = GftSa)* = 1, ^>2 for%. (2.11) 
2. 3. Cartan- Weyl basis and Weyl group 

Here we fix the notations and the normalization conditions for the Cartan- Weyl 
generators of g. We introduce hk S I), k = 1, ...,r and a € A where {/ifc} 
are the Cartan elements dual to the orthonormal basis {ek} in the root space E r . 
Along with hk we introduce also 

2 r 

H a = - T yVor, e fc )fc fc , ceA, (2.12) 

(a, a) 
v ' ; fe=i 

where (a,efc) is the scalar product in the root space E r between the root a and e^. 
The commutation relations are given by jl8[ |l| : 

[hk,E a ] = (a, ek)E a , [E a , E- a ] = H a , 

fp pi_f N a>fj E a+f ) for a + /3 e A , . 

[ ^'^ ] -\0 fora + /3£AU{0}. (2 ' 13) 

We will denote by a = X)I=i °fe e fc the r-dimensional vector dual to J G f); 
obviously J = 53fe=i a fe^fc- If J is a regular real element in f) then without restrictions 
we may use it to introduce an ordering in A. Namely we will say that the root a G A + 
is positive (negative) if (a, a) > ((a, a) < respectively). The normalization of the 
basis is determined by: 

2 

E- a = E , (E- a ,E a ) = - -, 

{a, a) 

N- a -p = -N a , p , N a , p = ±(jp + 1), (2.14) 

where the integer p > is such that a+sf3 G A for all s = 1, . . . , p and a+(p+l)f3 G" A. 
The root system A of g is invariant with respect to the Weyl reflections S a ; on the 
vectors y G E r they act as 

S a y = y-^4a, a G A. (2.15) 
(a, a) 

All Weyl reflections S a form a finite group W g known as the Weyl group. One may 
introduce in a natural way an action of the Weyl group on the Cartan- Weyl basis, 
namely: 

S a (H p ) = AaHpA- 1 = H Sa0 , 

S a {E p ) = AaEpA- 1 =n aif} E Sa fj, n a>p = ±1. (2.16) 
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It is also well known (see [^2| ) that the matrices A a are given (up to a factor from 
the Cartan subgroup) by 

A a =e B -e- E —e B <*H A , (2.17) 

where Ha is a conveniently chosen element from the Cartan subgroup such that 



H\ = 1. The formula (2.17) and the explicit form of the Cartan- Weyl basis in 
the typical representation will be used in calculating the reduction condition following 
from fl2~6l). 



2.4- Graded Lie algebras 

One of the important notions in constructing integrable equations and their reductions 
is the one of graded Lie algebra and Kac-Moody algebras [ fl8[ . The standard 
construction is based on a finite order automorphism C € Autg, C N = 1. Obviously 
the eigenvalues of C are ui k , k = 0, 1, . . . , N — 1, where w = exp(27ri/7V). To each 
eigenvalue there corresponds a linear subspace C g determined by 

flW = {X:X eg, C{X)=io k X}. (2.18) 

JV-l 

Obviously g = ® g 1 - ' and the grading condition holds 

k=0 



„(*),„(») 



Cfl (fe+n) , (2.19) 



where fc + n is taken modulo iV. Thus to each pair {g, C} one can relate an infinite- 
dimensional algebra of Kac-Moody type gc whose elements are 

X(\)=Y,X k \ k , X fc efl< fc >. (2.20) 



The series in (2.2C) must contain only finite number of negative (positive) powers of A 
and g( fc+JV ) = gW. This construction is a most natural one for Lax pairs; we see that 



due to the grading condition ( 2.1 9[ ) we can always impose a reduction on L(X) and 



M(A) such that both U(x, t, A) and V(x, t, A) € gc- So one of the generating elements 



of Gr will be used for introducing a grading in g; then the reduction condition (2.6) 
gives 

U ,V e2 (Q \ /,Jeg (1) nf,. (2.21) 



If in particular N — 2, the automorphism C has the form (2.1) and k(A) = A* then all 



Xk in (2.2C) must be elements of the real form of g defined by C. We will pay special 
attention to this situation in Section 5 below. 

A possible second reduction condition will enforce additional constraints on Z7o, 
Vo and J, I. 

2.5. Realizations of Gr C AutQ. 

It is well known that Aut g = V ® Aut og where V is the group of external 
automorphisms (the symmetry group of the Dynkin diagram) and Aut og is the group 
of inner automorphisms. Since we start with I, J E f) it is natural to consider only those 
inner automorphisms that preserve the Cartan subalgebra t). Then Aut og — Ad h <£> W 
where Ad h is the group of similarity transformations with elements from the Cartan 
subgroup: 

Ad c X = CXC-\ C^expf^^J, X £ fl, (2.22) 
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and W is the Weyl group of q. Its action on the Cartan-Weyl basis was described in 
( |2.16 ) above. From (2.13) one easily finds 

CH a C- 1 = H a , CE a C- 1 = e 2m{a ^ /N E a , (2.23) 

where c € E r is the vector corresponding to Hg G f) in ( 2.22 ). Then the condition 
C N = 1 means that (a,c) € Z for all a € A. Obviously must be chosen so 
that c = Ylk—i ^ c k^k/ iptk, ock) where ujk are the fundamental weights of g and Cf. 
are integer. In the examples below we will use several possibilities by choosing Ck 
as appropriate compositions of elements from V, Ad$j and W. In fact if fj ~ G2 or 
belongs to B r or C r series then V = 1. 



2.6. Realizations of Gr C ConfC 

Generically each element € Gr maps A into a fraction-linear function of A. Such 
action however is appropriate for a more general class of Lax operators which are 
fraction linear functions of A. Since our Lax operators are linear in A then we have 
the following possibilities for Z2: 

ri(A) = a +77A, 77 = ±1, 

r 2 (A) = b + e\*, e = ±l, b + eb*=0. (2.24) 
In the examples below ao = bo = 0. 



3. Inequivalent reductions 



We will consider two substantially different types of reductions (2.1). The first and 
best known type of Z2-reductions corresponds to inner automorphisms Cj from the 
Cartan subgroup which have the form (2.22) with N = 2. 

For each of these reductions we will describe the structure of , H and H\. To 

Q 



(3,1 



make the notations more convenient we will introduce 

/oo 
dx {QaQ-pQ-y - Q-aQpQj) 
-00 

Hi{a) 



a 



a 

(3,1 



and H.i(a) as follows 
(3.1) 
(3.2) 



where Q a are introduced in ( |1 . 3| ) and M. a is the set of pairs of roots \(3,i\ such that 
(3 + 7 = a, see Appendix A. In the last summation we do not require (3 and 7 to be 

a 

(3,1 



positive. The explicit expression for 



allows us to check that 



a 

(3,1 



1 

—(3, a 



—a 
-(3,-1 



(3.3) 



In proving (3.3) we used (2.14), (2.16) and the properties of the structure 
constants Np tl of the Chevalley basis; namely, if a — (3 — 7 = then 



N n 



(7,7) 

and as a consequence 



(a, a) ((3,(3) (a, a)' 



7, a 



UJ- 



(3.4) 



(3.5) 
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From (1.9) it also follows that 



E {^ 7 }4zw (^) 



Indeed, using (3.3) we find that each triple < n > is equal to < ~ _ > where the 

1 P>7 J 1/3,7 



a . , , a 



triple of roots [a, /3, 7] € .M. 



57. Reductions with Cartan subgroup elements 



For the fi rst type the action of the reduction group on the Cartan- Weyl basis is given 
by ( [2.23 ) and the corresponding constraints on q a , p a have the form: 



1) 


Pa 


= -v s a q a , 


s a = e~ 7Ti( * S ' a * } 


2) 


Pa 




ri = -l, 


3) 


q a 


= "ns a q a , 


Pa = V s aP*a, 


4) 


9o 


— Sa qa j 


Pa = SaPa , T] = 1 



(3.7a) 
(3.76) 
(3.7c) 
(3.7d) 

Let us describe how each of these constraints simplify the Hamiltonian H^ ' = 
Hq + Hi and the symplectic form We can write them down in the form: 

H = s a H *(a), Hi= s Ma), O (0) = £ s a n { °\a). (3.8) 

aGA + aGA + q£A + 

For the case 1) we easily find 

H *(a) = -irjco b,a [ dx (q a q* - q a ,xq a ) , (3.9) 

/OO 
9/3 9 7 ) ' ( 3 - 10 ) 

r>l 0) (a) = -z^co^l^ /*°° dxSqa A ( y g » j ( 3 .n) 



(a, a) J_ c 

We have |A+| complex valued fields q a and the above expressions for and F 
show that q a is dynamically conjugated to q a . 

In the case 2) we consider only r\ = — 1; the choice 77 = 1 means that a = —a 
and as a consequence we have J = 0, i.e. no TV- wave equations are possible for r\ = 1. 
For 77 = —1 we have |A+| complex valued fields q a which up to a sign coincide with 
p a . Then Hn(a), fi(°)(a) and i7i become identically zero. The corresponding set 
of equations is nontrivial but is does not allow a canonical Hamiltonian formulation. 
However it allows Hamiltonian description using other members in the hierarchy of 
Hamitonian structures. 

In the case 3) we have 2|A+| 'real'-valued| fields q a and p a . The formulae for 
Ho(a), Hi(a) and Cl^(a) (|l . 7|) — ( JL . 1 1[ ) do not change, only each of the summands in 
them becomes real due to the fact that all fields q a and p a are now simultaneously 
either real or purely imaginary. 

In the last case 4) we consider only r\ = 1; the choice 77 = —1 here means that 
a = —a and as a consequence we have J = 0, i.e. like in case 2) no N-w&ve equations 

I Here and below we count as 'real' also the fields that are in fact purely imaginary. 
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are possible for r) = — 1. One easily finds that now the positive roots A + split into two 
subsets A + = U A^ such that (c, a) is even for all a £ A+ and odd for all a £ A\ 



Obviously if a £ A\_ then s a — — 1 and the fields q a , p a must vanish due to (3.7a). 
As a result the effect of the reduction is to restrict us to an iV-wave system related to 
the subalgebra go C g with root system A = A+ U (— A+). Such reductions are out 
of the scope of the present paper. 

3.2. Reductions with Weyl group elements 

For the second type of Z2-reductions Cj 's are related to Weyl group elements w such 
that w 2 — 1. Generically w is a composition of several Weyl reflections Sp 1 Sj3 2 . . . 
where the roots /?2, ■ • ■ are pair-wise orthogonal. Fixing up w we can split A + into 
a union of four subsets: 

A+ = A^UAfuA+U A;, (3.12) 

where 

w{a) = a' = a for all a £ At, (3.13a) 

w(a)=a' = -a for all a £ A 1 !, (3.13&) 
w(a) = a' > 0, for all a £ A+ and a ^ a' , (3.13c) 

w(a) =a'<0, for all a £ A+, and a ^ —a' (3.13(f) 

Depending on the choice of w one or more of these subsets may be empty. From now 
on we will denote by / the action of w on the corresponding root: w(a) = a' and 
w(a') = a. 

The subsets At and AT always contain even number of roots. Indeed if a € A^ 
then a' also belongs to A+. Analogously if a £ A7_ then —a' also belongs to A7_. 
As we shall see below the reduction relates the coefficients Q a with Q a i or Q- a >. 
Therefore we will introduce the subsets A+ C A+ satisfying: 

A+Uu;(A+) = A+ (3.14) 

A+ U (-w(k+)) = A + ( 3 - 15 ) 
In other words out of each pair {a, a'} £ At (resp. {a, —a'} £ A^) only one element 

4 



belongs to A^ (resp. A,). For definiteness below we will choose the element whose 
height is lower, i.e. a £ A+ if ht (a) < ht (±c/). 
We will also make use of the sets 

A°_ = A^UA+ A^=A|uA;, (3.16) 

which obviously satisfy w(A^j_) = A5j_ and w(A 1 i _) = — Ai_. 

The reduction conditions corresponding to each of the four types are most easily 



written down in terms of Q a , see (1.3). Indeed we have: 

(3.17a) 
(3.176) 
(3.17c) 
(3.17a") 



1) 


Qa' 


= -r/ n a,a'Q*- a > 


a = 


f]w 1 (a*), 


2) 


Qa' 


— rjTla : a'Q—a^ 


a = 


-r)w 2 (a) 


3) 


Qa' 


— ^^ct,a' Q a ' 


a = 


-nw 3 {a* 


4) 


Qa' 


— V^a,a' Qa 7 


a = 


riw 4 (a). 
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Table 1. The set of independent fields for the reductions with Cartan subgroup 
elements. 



Type 


Complex 


Real 


Redundant 


1) 


q a , a G A + 






2) 


q a , a G A + 






3) 




9a, Pq a G A + 




4) 


q a ,p a a G A + 




q a ,p a a G A+ 




with s Q = 1 




with s Q = — 1 



We will also describe the effect of the reduction on H and Using the 

notations defined in Eqs. ([lj])-([0]) we can write 

~~ (H{a)+H(a'))+ V (H(a) + H(-a')) + 



H = 



E 



E 



H(a) 



a£A± UA 



^ (0) = 5^ (n(a) + n(o'))+ 51 (n(a) + n(-a , ))+ E °( a ) 



aSA+ 



a£A, 



H{a)=H (a)+H l (a). 



(3.18) 

(3.19) 
(3.20) 



For the reductions ( 2.23 ) the restrictions on the potential matrix Q{x,t) read as 
follows: 



1) 


Qa = 


^j^la^a'Pa' i 


p* a = -r)n a . a <q a >, for a, a' G A° , 






* 

q- a < 




p_ a ; = -nn a , a >p a , for a, -a' G A+ 


(3.21a) 


2) 


q a = 




Pa = n a , a 'q a >, for a, a' G A° , 77 = -1, 






q a = 


^a.,a.' Q—a f 7 


Pa = n a ^p- a ', for a, -a' G A+, 


(3.216) 


3) 


* 

q a > = 




= il n a,a'Pa, for a, a' G A°, 






* 

q a = 




p* = r]n a ,a>q-a>, for a, -a' € A+, 


(3.21c) 


4) 


q a = 


"■a, a' 9a' j 


Pa =n a>a >p a >, for c^a'sA^, 77 = 1, 






Pa = 


^a,a f Q—a' 7 


q a =n a - a >p- a >, for a G A+. 


(3.21(f) 



The set of independent fields for each of these reductions are collected in the 
tables and [|. 

For the reductions of types 1) and 3) while the first two sets of variables are 
complex- valued, the fields related to the roots a G A II for 1) and the fields related 
to ro ots a G A:}: for 3) should be either real or purely imaginary due to ( 3.21q ) 
and ( 3.21c ) respectively. Below for the sake of brevity we will call them 'real'. In 
other words after the reduction we get an TV- wave system with 2]A!i| 'real' fields and 
|A^:| + |A+| + |A+| complex fields for the first reduction in ( [2.25 ) and for the third 

one we have 2|A:J:| real and |a!1| + |A+| + |A+| complex functions. 
The reduction conditions on H(a) and i}^(a) read: 

(6, a) 
(a, a) J _ 

(a, a 



H 0tR (a) 



-irjCan a ^ 



( a ) = -iV c O n a,. 



. f dx (QaQa'.x Qa.xQa') 

a,a)J-oo 

dx SQ a A SQ* a ,, 



(a, a) J_ 



(3.22) 
(3.23) 
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Table 2. The set of independent fields for the reductions with Weyl subgroup 
elements. By A;j; e and A (J. e , e = ±1 we denote the subsets of roots a £ A^ 

(resp., a G a|!) for which n aa i = e. 



Type 


Complex 


Real 


Redundant 


1) 


q a , aeA^UAj 
q a ,p a , aGA~ 


ga,Pa, a G a(| 




2) 


9a, aeAjuAj 

9a, Pa, aeA+UA^j 




9a, Pa, aGA[J__ 1 


3) 


?Q , aeA![uA; 

9a, Pa, aGA| 


9a, Pa, «£A| 




4) 


9a, aeA[J„uA; 

9a, Pa, a G A| U A+ a 




9a, Pa, 



a 
/3,7 



a 



R ' ' ) R 

for the first reduction in ( [2.23 ) 



/oo 
dx (Q a Q*p,Q*, + vQ* a >Qf}Q<y) » (3-24) 



(b ct) /"°° 

HoM a ) = -iVCon^a' T 1 \ / dx (Q a Qa',x - Qa,xQa') ■ 



(a, a) J_ c 
(a, a) 
(a, a) 



dx SQ a A (5Qa' 



0,7 



for the second reduction in ( 2.23 ); 

Hq,r(o>) = incan a a > - ' °^ / (Q a Q*- a > x - Q a ,xQ- a ') , 

da; <5Q Q A<5Ql a ,, 



"k ( a ) = Z7 7 c o™. 



(a, a) J_ 



a 

A 7 



(3.25) 
(3.26) 



?M o/ / f = con a , a >wp n / dx (Q a Qf3>Qy + vQa'QfjQ-f) ■ (3.27) 

I " J fl J-00 



(3.28) 
(3.29) 

/OO 
-oo 



for the third reduction in (2.23); and 

(b ex) f°° 
(a, a) J_ oa 

dx SQ a A 6Q_ a i, 



n (o), v . {a, a) 

il R (a) = irjCQji^a,- - 

(a, a) 

I 



a 
/3,7 



—a 



/oo 
dx (QaQ-p'Q-Y - rjQ-a'QpQ-y) 
-oo 



(3.31) 
(3.32) 

(3.33) 
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for the last reduction. 

The general properties of H(a) and fi(°\a) are as follows: 



1) H (a) = H* Q {a'), 

2) H (a) = i]H (a'), 

3) H (a) = H*(a'), 

4) H (a) = riH {a'), 
Obvio usly i f a £ 



n<°>(a) = (r! (0) (a'))*, 
f* (0) (a) =7y(r! (0) (a')), 
fi( 0) (a) = (fl(°)(a'))* 1 



Hj (a) =Wi(a / ), (3.34) 

Hi(a) = r)Hi(a'), (3.35) 

«i(a) =W?(a / ), (3.36) 

Hi(a) = rjHi(a'), (3.37) 



i.e. a' = a the n th e exp ressi ons in the right hand side of 
( 3.22 ) and ( 3.23 ) coincide with the ones in (3J)) and ( 3.11 ). However if a' ^ a > (i.e., 
if a € Ai) the field variable <7 a will be dynamically conjugated not to g* but to <?*, . 
The same holds true for th e seco nd reduction in ( 2.23 ): If a E A 1 - the expressions in 
left hand side of ( 3.25 ) and ( 3.26 ) coincide with the general ones. This fact makes these 
reduced iV-wave systems substantially different from the ones described in Subsection 
3.1. 

In Appendix A we l ist t he sets A4 a of all pairs of roots f3, 7 such that (3 + 7 = a 
and the coefficients ujjk (l.£). In Appendix B we give explicit expressions for some of 
the specific reduced interaction Hamiltonian terms. 



3. 3. Inequivalent embeddings of 1 2 in W g 

The reduction group Gr may be imbedded in the Weyl group W(q) of the simple Lie 
algebra in a number of ways. Therefore it will be important to have a criterium to 
distinguish the nonequivalent reductions. As any other finite group, VK(g) can be split 
into equivalence classes. So one may expect that reductions with elements from the 
same equivalence class would lead to equivalent reductions; namely the two systems 
of A-wave equations will be related by a change of variables. 

In what follows we will describe the equivalence classes of the Weyl groups W(B 2 ), 
W(G 2 ) and W(B 3 ); note that W(Bi) ~ W(C t ). This is due to two facts: 1) the 
system of positive roots for B r is A3 = {et ± ej, e^}, i < j while the one for C r series 
is A£ = {a ± ej,2ei}, i < j; and 2) the reflection S ej with respect to the root ej 
coincide with S2 ej - the one with respect to the root 2e 3 -,. In the tables below we provide 
for each equivalence class: i) the cyclic group generated by each of the automorphisms 
in the class; ii) the number of elements in each class and iii) a representative element 
in it. 

Remark 1 For B r and C r series and for G2 the inner automorphism wo which 
maps the highest weight vectors into the lowest weight vectors of the algebra acts on 
the Cartan-Weyl basis as follows: 

w (E a ) = n a E^ a , w (H k ) = -H kl a e A + , n a = ±1. (3.38) 



Let us list the genetic codes of the Weyl groups for these Lie algebras: 



W(A 2 ) ~ 


Da, 


c2 

°ei- 


_ o2 _ 
e 2 ^e 2 -e 3 


1, 


(S ei 


o }3 _ 
-e 2 LJ e 2 —S3 ) 


1, 


(3.39) 


W(B 2 ) ~ 


©4, 


S' 2 


e 2 = Si = 1, 




(S ei 


-e 2 Se 2 ) = lj 




(3.40) 


W{G 2 ) ~ 


©6, 


o2 


e 2 =Sl 2 =t, 




(S ei 


9 "l 6 — 11 

-e 2 kJ e 2 J 7 




(3.41) 


W(A 3 ) ~ 


54, 


o2 

D e 1 - 


_ o2 _ 
e 2 e 2 —e 3 


Sl-e 4 = 1) 


(S ei 


o \3 _ 


1 








(S ei 


— e 2 S e2 —e 3 S e3 — 










(3.42) 


W(B 3 ) 




o2 


_ o2 _ 
e 2 '- J e 2 -e 3 


sl = 


(S ei 


o ^3 _ 
-e 2 u e 2 — e 3 J 


a 








(Se 2 


-es'S'ea) 4 = 1, 




(S ei 


-e 2 S e2 —e 3 S e3 ) 


6 = i, 


(3.43) 
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where £4 is the group of permutation of 4 elements. 

Their equivalence classes are listed in the tables below, where in the first line we 
denote the order of each of elements in the class, in the second line we list the number 
of elements in each class and on the third line give a representative element. 





i 


z 2 


z 3 




i 


-1 




zf 


z 4 


A 2 


1 


3 


2 


B 2 


1 


1 


2 


2 


2 




i 


S ei —e 2 


Sei — e-2 Se 2 —e a 




i 


Wo 






$ei — C2 ^&2 



i 


-1 


zw 




z 3 


z 6 


1 


1 


3 


3 


2 


2 


1 


w 


Sax 


S a2 


(5*0:1 5*a2 ) 





i 




z 2 2) 


z 3 


z 4 


l 


6 


3 


8 


6 


i 


Set — e 2 


$e\—e2 — e4 


5*6! — e2 5e2 — £3 


*^ei — e2 5"e 2 — e3 $63—34, 



B 3 



1 


-1 


zw 




7Lf 


1 


1 


6 


3 


6 


1 


W 


"S'ei — e 2 




$e\ —e<2 5*e3 


ILf 


z 3 


z<^ 




z 6 


3 


8 


6 


6 


8 




"S'ei— e 2 Se2— e 3 


$ei 5 ei — e2 


Se±Ses $e\ —C2 


Se± — e.2 $&2 — £3 



We leave more detailed explanations of the general theory of finite groups to other 
papers and turn now to the examples. 

Remark 2 In all examples below we apply the reductions to L-operators of generic 
form. This means that the unreduced J is a generic element of f) and therefore 
(a, a) 7^ 0. In fact we have used above the vector a for fixing up the order in the 
root system of g. The potential Q is also generic, i.e. depends on |A| complex-valued 
functions where |A| is the number of roots of g. However the reduction imposed on J 
may lead to a qualitatively different situation in which the reduced J r is not generic, 
i.e. there may exist a subset of roots Ao such that (a r ,a) = for a G Ao. Then 
obviously the potential [J, Q] in L will depend only on |A| — |Ao| complex-valued fields, 
the other fields are redundant, see Tables 1 and 2. 

In what follows whenever such situations arise we will provide the subset Ao or, 
equivalently the list of redundant functions in Q. Obviously both the corresponding 
N-wave equation and its Hamiltonian structures will depend only on the fields labelled 
by the roots a such that (a r , a) ^ 0, see [T^J . 

Remark 3 Several of the ^-reductions below contain automorphisms which map 
J to —J. Then it is only natural that both the canonical symplectic form fi^ 
and the Hamiltonian H^ ' vanish identically. In these cases we will write down 
the corresponding N-wave systems of equations; their Hamiltonian formulation is 
discussed in Section 5 below. 



Remark 4 Under some of the reductions the corresponding Equation (1.1) becomes 
linear and trivial. This happens when the Cartan subalgebra elements invariant under 
the reduction form a one- dimensional subspace in f) and therefore J T oc I r . For obvious 
reasons we have omitted these examples. 
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4. Description of the Z 2 reductions 

Remark 5 In what follows we will skip the leading zeroes in the notations of the roots, 
e.g. by {1} and {11} we mean {001} and {011} respectively for the A3, B3 and C3 
algebras. For A 2 , C 2 and G 2 algebra by {1} we mean {01}. We will also drop all 

a 



indices R in the triples 



(3, 7 



4.1. 5 ~A 2 = sl{3) 

This algebra has three positive roots A + = {10, 01, 11} where a\ — e\ — e 2 , a 2 = e 2 — e 3 
and jk — ja\ + ka 2 . Then Q(x, t) contains six functions and the set M. contains only 
one triple M = {[11,01,10]}. 

Example 1 CO = 1. U T {— A)+t/(A) = 0. This reduction does not restrict the Cartan 
elements. We have 

p a = q a , aeA + ; (4.1) 

and we obtain the next 3-wave system: 

i(ai - a 2 )qio,t - i(h - b 2 )qio,x - k<Zi<7ii = 0; 

i(a 2 - a 3 )q M - i(b 2 - b 3 )q lyX - Kq 10 qn = 0; (4.2) 
i(ai - a 3 )qn it - i{bi - b 3 )qu iX + nq w qi = 0; 

with k = a\b 2 + a 2 &3 + 0361 — a 2 b\ — a 3 b 2 — a\b 3 . Due to the reduction conditions for 
the elements of the potential matrix the Hamiltonian vanishes, see Remark 3. 

Example 2 C| = 1. U*(n\*) + U(X) = 0. Therefore: 

a* = ~m%: b* = -r)bi, p* = i]p a , q* a = nq a ; (4.3) 

and we obtain 6 'real' fields and the 6-wave system with the following Hamiltonian: 

= ff (10) + H (01) + H Q {11) + kH(U, 1, 10). (4.4) 

Here again k — a\b 2 + a 2 b 3 + a 3 b\ — a 2 b\ — a 3 b 2 — a\b 3 . The case 7/ = 1 leads to the 
non-compact real form sZ(3, R) for the A 2 - algebra. 

Example 3 C| = S ei _ e3 . Cg([/*(r?A*)) + U(X) = 0. We have: 
a 3 = nal; a* 2 = i]a 2 , b 3 = 176*, b* 2 =r\b 2 

P10 = -VQi, Pi = -Wia V11 = -m*i: ( 4 - 5 ) 
and we obtain the 3-wave system with the Hamiltonian: 

= Hq*(10) + H *(01) + ffo*(H) - K-ff*(H, 1, 10). (4.6) 

where 

1 f°° 

H*{a,f3,-f) = — dx(q a q^q*+T)qlq0 y ), (4.7) 

V 7 ? J -00 

and again k — a\b 2 + a 2 b 3 + a 3 b± — a 2 b\ — a 3 b 2 — a\b 3 . 
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Example 4 C| = 1. W(r]X*) - U(X) = 0. Therefore: 

a* = rya,, b* = rjbi, p a = -779*, (4.8) 
and we obtain the 3-wave system with the following Hamiltonian: 

ff (0) = ff *(ll) + i?o*(10) + i?o*(01) + 1, 10). (4.9) 

Here again k = a\b 2 + 0263 + 0361 — a 2 b\ — 0362 — a,\bz and if*(ll, 01, 10) is defined 



by The case rj — 1 extracts the compact real form sm(3) for the A2- algebra. 



Example 5 Cg = 5 ei _ e3 . Cg(E7+(?7A*)) - f/(A) = 0. We obtain: 
03 = 770*, a 2 =rja 2 , 63=776*, 63 = 7762 

a i= r Nio, Qu=-VQii, Pi=VPw> Pn=-VPn; ( 4 - 10 ) 
cmd we obtain the A-wave (2 real and 2 complex) system with the Hamiltonian: 

ff (0) =fr (ll) + 2Re(fr (01)+flo(10)) 
1 f°° 

--— dx( Pll \q w \ 2 - qil \p w \ 2 ). (4.11) 

Here again k = a\b 2 + a 2 b^ + a^b\ — a 2 b\ — 0362 — 0163 is real. 

Example 6 Cg = S = diag (s x , s 2 , s 3 ). St/t^A*)!]- 1 - J7(A) = and s t = ±1. 
This reduction restricts the Cartan elements to be real (purely imaginary) for r\ = 1 
(rj = —1) and: 

Pw = -V— Qw, Pi = -V—Qi, Pit = -V— In- I 4 - 12 ) 
si s 2 si 

TTius we ge£ £/ie 3-wawe system with the Hamiltonian: 

fl-(o) = fiflo.fio) + fifTo.fOl) + — flb*(H) + kJT*(11, 1, 10). (4.13) 
Si s 2 Si 

_ffere again k = a±b 2 + QS263 + a 3^i — a 2^i — ^362 — ^163 and H*(i,j, k) is defined by 
(i-'i). The choice rj = 1, sj = s 2 = S3 reproduces the result of Example^ while the 
choice 77 = 1, Si = — S2 = —S3 extract the non-compact real form su(2, 1) 0/ £/ie A 2 - 
algebra. 

12. S ~C 2 = sp(4) 

This algebra has four positive roots A + = {10, 01, 11, 21} where a± — e\ — e 2 , a 2 = 2e 2 
and jk — jai + ka 2 . Then Q(x,t) contains eight functions. The set M. consists of 
two elements: M ={ [21, 11, 10], [11, 01, 10]}. 

Example 7 CH = 1. U*(r)X*) + U(X) = 0, 77 = ±1. Then all functions q a ,Pa become 
real and the Cartan elements become purely imaginary for r\ = 1 and vice versa for 
V = -1; i-e., 

a i = h = ~ml, *=1,2; q a = mt> Pa = VP* a , aeA + . (4.14) 

Thus we obtain 8 'real' fields and the 8-wave system with the Hamiltonian: 

7J (0) = Jfo(10) + JZo(l) + Bb(ll) + #o(21) + 2/s(fl"(21, 11, 10) - ff(ll, 1, 10)), (4.15) 

wii/i K — (aib 2 — a 2 bi) which is related to the non-compact real form sp(4,M) of the 
C 2 - algebra. 
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Example 8 C| = w . CQ(U*(r)\*)) + U(X) = and r) = ±1. T/ien: 

a*=7yai, = 7ya 2 ; fo* = 7761, 63 = 7762; Pa = -Via (4.16) 
which leads to the general 4-wave system on the compact real form sp(4, 0) (rj — 1) of 
C 2 algebra with the Hamiltonian: 

H (a) = flo*(10) + flb.(l) + £fo*(H) + ffo.(21) 
2k f 00 

H — — / da;[gii^o9i +<?2igngj|'o + r ?(9n9io9i + ^l^nfto)], (4.17) 
y/V J -00 

emd k = ai&2 — CI2&1. 

Example 9 After a reduction of hermitian type K~ l U' (rj\*)K — U(X) = 0, where 
K = diag (si, s 2 , l/s2, l/ s i) a7 id 77 = il we obtain 

Piq = -V s i/s2<lw, Pi = -Vslqt, Pn = -rjsis 2 qn, p 21 = -nsjq^, 

ai=rja*, bi=rjb*, (4-18) 

and the next A-wave system 

i(ai - a 2 )q w - t - i(h - b 2 )q 10 . x + 2rjK,(s%q 11 ql - sis 2 g 2 i9n) = 0, 

ia 2 qi;t ~ ib 2 qi- x + 2i]n(s 1 / s 2 )qnq* w = 0, (4.19) 
ia\q 2 i-t - ib^qn-x + 2Kq n q 10 = 0, 

i(oi + a 2 )qn- t - i(h + b 2 )q 1Ux ~ 2k (q w qi + rj(si/ : s 2 )q 21 q* l() ) = 0, 
where n — a\b 2 — 0261- It is described by the following Hamiltonian: 

HW = -H *(10) + s 2 2 Ho41) + sis 2 #o*(ll) + s\Ho*{2\) 
s 2 

2k f°° 

H — — / dx (s 1 s 2 {quq*qx + miillQxo) ~ s l (^l^u^o + W2i5n<?io)) • (4-20) 
yV J -00 

In the case r\ = —1 if we identify q w — Q, qn = E p , q 21 = E a and qi — E s , where 
Q is the normalized effective polarization of the medium and E p , E s and E a are the 
normalized pump, Stokes and anti-Stokes wave amplitudes respectively, then we obtain 
the system of equations generalizing the one studied in Jgjj/ which describes Stokes- 
anti-Stokes wave generation. This approach allowed us to derive a new Lax pair for 
(J+.1L). A particular case of faj.li ) with s\ = s 2 = ±1 and 77 = ±1 is equivalent to the 
4- wave interaction, see and is related to the compact real form sp(4, 0) ofC 2 . For 
si = — s 2 = ±1 and 77 = 1 the reduced system is related to the noncompact real form 
sp(2, 2) of C 2 - algebra. 

Example 10 Cj^j] = S ei - e2 . C^(U*(rj\*)) + U(X) = and n = ±1. This reduction 
gives the following restrictions: 

a 2 = -7/aJ. 6 2 = -rjbl; (4-21) 

Pio = mlo, Oil = VQu, 921 = -ml, P11 = VPn, P21 = -VP*- 
Then we obtain the 5-wave (2 real and 3 complex) system which is described by the 
Hamiltonian: 

ff (0) = fT *(10) + H (ll) + 2Rcff (l) 
2k f°° 

+ — dx[qn(ql pi~ qiopl) +rj Pll (ql ql ~ q wqi )}, (4.22) 
VvJ-00 

with k = a\b\ — a\b\. 



Reductions of N -wave interactions... I 18 

Example 11 = S 2e . 2 . C^(U*(r)\*)) + 17(A) = and r) = ±1. Then we have: 
a* = -r/ai, a* 2 = na 2 ; b\ = -r)b\, b* 2 = rjb 2 ; 
qu = -irjiio, Pn = ir )Pio, 921 = -W21, 

P 2 i = -VP21, Pi = -ml- ( 4 - 23 ) 
which leads again to the b-wave (2 real and 3 complex) system with the Hamiltonian: 

H (0) = 2Rei7 (10) + i7 *(l) + i7o(21) 
2iK 



Vv 

and k = a\b 2 — aa&i- 



<te [pio9i9? ~ viPioQiQw +P2i\lw\ + 92ibio|)], (4-24) 



Example 12 C^=w . Cg(J7(-A)) - 17(A) = 0. ffere we ff ef: 

P10 = 910= P11 = Qu, Pi = Qi, P21 = Q2i- (4.25) 
Then we obtain the following A-wave system, see Remark^: 

i(ai - a 2 )qwA - i(h - b 2 )q w , x - 2/c(g2t?n + 9i9n) = 0, 
ia 2 qi.t ~ ib 2 qi, x - 2nqi q n = 0, (4.26) 
i(oi + a 2 )gn,t - i(6i + 62) 911,3 + 2^(921910 - 91910) = 0, 
ifli?2M ~ ihq2i,x + 2Kq w qn = 0. 
imi/i k = ai62 — ft26i. iVoie i/iai i/iis reduction doesn't restrict the Cartan elements. 

4-3. ~ G 2 

G2 has six positive roots A + = {10, 01, 11, 21, 31, 32} where again km = kot\ + ma 2 , 
a± = (ei — e 2 + 2e^)/3, a 2 = e 2 — e% and the interaction Hamiltonian contains the set 
ot triples of indices M = {[11,1,10], [21,11,10], [31,21,10], [32,31,1], [32,21,11]}. 

Note that here if the Cartan elements are real then the TV-wave equations after 
the reduction become trivial except one case |l^, see Remark [|. 

Example 13 = t. CQ([/ T (-A)) + U (A) = 0. This does not restrict the Cartan 
elements and for the potential matrix gives: 

p a = q a , ae A + (4.27) 

and a 6-wave system, see Remark 3: 

«(2oi - a 2 )<7io,t - i(26i - b 2 )q 10tX + K,(qiqu + 2q 21 q xl + 931921) = 

i(3ai - a 2 )Qi,t - i(3h - b 2 )qi, x - 3k(9i 9ii + 932931) = 

i(ai - a 2 )q n ,t - i{h - 62)911,3 + «(9i9io - 2921910 + 932921) = 

«ai92i,i - ibiq 2 i, x - K(2q n qw - 93i9io + 932911) = (4.28) 

z(3ai - a 2 )93i,t - «(3&i - fo)qai, x + 3k(9329i - 921910) = 

ia 2 q 3 2,t ~ ib 2 qz2,x + 3k(9 2 i9ii - 93i9i) = 



with k = a\b 2 — a 2 b\. Due to the reduction conditions for the potential matrix (4-SV) 



the terms H(a, f3, 7) in (Li) vanish. 
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Example 14 = w . C^{U*(n\*)) + 17(A) = and r\ = ±1. T/n's flwes: 

a*=??ai, 03=7702, = 7761, b* 2 = rib 2 ; p a = -i]q* (4.29) 
and a 6 -wave system described by the Hamiltonian: 

i7 (0) = 3(i7 *(10) + 7f *(H) + 77 ,(21)) + flo*(l) + #o*(31) + 77 ,(32) (4.30) 
+3k[77,(32,31, 1) + 77432, 21, 11) - 77,(31, 21, 10) - 277,(21, 11, 10) + 77,(11, 10, 1)], 
with k — aib 2 — a 2 b\. 

Example 15 E -1 ^ (ryA*)S — {7(A) = 0, 77 = ±1 where E belongs to the Cartan 
subgroup and equals E = diag (S1S2, si, S2, 1, 1/s2j l/ s i> V( s i s 2))- Then all Cartan 
elements become real (purely imaginary) for rj = 1 (77 = —1 ) and 

Pu = -V-Q*u, (4.31) 
si 

1 t 

P32 = -773—532, 
*1*2 



PlO 



P21 



1 * 
S2 



Pi 



S1S2 



S2 * 

-»7— 9i 
si 

1 



P3i = -*?-r^«3i 

*1*2 



which leads to a 6-wave system with Hamiltonian 



U(o) = 3 (i-7f *(10) + -77 ,(11) + — 7i *(21)) + -77 ,(1) + -^JT *(31) (4.32) 

\S 2 Si S1S2 Si SiSj 



1 



-t— H .(32) +3k 

SJS2 



Si S1S2 Si 

J— F* (32, 31,1) + --!— 77,(32,21,11 



s 1 s 2 S1S2 

—#.(31,21,10)- — ^-77,(21,11,10) + —77,(11,10, 1 



sisj 



S1S2 



si 



loii/i k = ai&2 — 02^1 «7id 7f,(a,/3,7) is defined by (4-7). In the particular case 
si — S2 — 1 we obtain the result of example 77 = 1. 

Example 16 CQ= S 0l . (^77* (^A*)) + f7(A) = and n = ±1. TTien: 
a 2 = ai - r)a{, 6 2 = 61 - r/b{ 
qai=VQ*, Pio=mw, 921=779*1, 9*2 = W32, 
P31 = »7P* 5 P21 = JyPiu P32 = W32- (4.33) 

so we obtain the 7 '-wave (2 real and 5 complex) system with the Hamiltonian: 



= -77 ,(10) + 2Re77o(31) + 2Re77o(21) + 77 (32) 



(4.34) 



32 
21,11' 



32 
31,01' 



21 
11', 10 



2Re 



31 
21,10 



Example 17 C^ = S a . 2 . CMU*(r]X*)) + 17(A) = and 77 = ±1. Then: 
«i = ^(«2 - r?a£), 61 = 3(62-^2)) 
9n = -WiO) Pi=VQi, 921 = -W21, 932 = 779^, 

Pll = -y?PlQ, P21=-»7P21, P32 = 77P3!. (4.35) 
so lye obtain the 7-wave (2 real and 5 complex) system which is described by the 
Hamiltonian: 

i7 (0) =2ReT7 ) (ll)-i7 ,(l) + i7 (21) + 2ReT7 ) (32) (4.36) 



+ 2Re 
tuzi/i k = 0,262 — 0262- 



32 
21,11 



32 
31', 01 



21 
11,10' 



11 
01,10' 
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44- &^A 3 = sl(4) 

This algebra has 6 positive roots: A + = {100, 010, 001, 110, Oil, 111} where again 
ijk = ict\ + ja 2 + kc<3 and ot\ = e\ — e2', a 2 = &2 — 63; 03 = e 3 — e 4 are the simple 
roots of the A3-algebra. The set M. consists of 

M = {[111,011,100], [111,110,001], [011,001,010], [110,010,100]}. 

Example 18 C^g| = S ei - e2 . C^(U(X)) — U(X) = 0. This reduction gives: 

a 2 = a x , b 2 = b 1) p 100 = 3ioo, ?uo = ~?xo ( 4 -37) 

gin = -qu, P110 = —Pio, Pin = -Pu 

and leaves qi and pi unrestricted. Thus we obtain the 6-wave system with the 
Hamiltonian: 

= 2ff„(ll) + 2# (10) + H (l) + 2 I Q1 ^J 01 J , (4.38) 
which is related to A 2 - subalgebra. 



Example 19 C|g| = 1. U*(nX*) + U(X) = 0. This reduction gives that all Cartan 
elements must be purely imaginary (real) for 77 = 1 (i] ~ —1) and 

P* a = VPa, q* a = nq a . (4.39) 

Thus we get 12 'real' fields and Yl-wave system with the Hamiltonian in general 
position with the upper restrictions. This reduction leads to the non-compact real 
form s/(4, R) of the A 3 -algebra. 

Example 20 G^= S ei - e2 . C^(U*(r)X*)) + U(X) = 0. Then: 

a 2 = -rjal, ag 4 = -7703,4, b 2 = -r)b\, b* 3A = -r]b 3A (4.40) 
9110 = -Vlio, 3iii = -mil, Qi=m*, P100 = VQioo 
Pno = -r)Pw, Pm = -»7P*i! Pi=VPi- 

This leads to the 7-wave (2 real and 5 complex) system with the Hamiltonian: 

H {0) = -# ,(100) + flo(l) + 2R Cj ffo(HO) + 2ReF (lH) (4.41) 

111 l.oTj/ 111 1 / 110 
011', 100 J + \ 110, 001 J + \ 010', 100 

Example 21 = 5 ei _ e2 5 e3 _ e4 . C^(U*(nX*)) + U(X) = 0. Therefore: 

a 2 = -r)al, a i = -na* 3l b 2 = -rjbl, b 4 = -i]b* 3 (4.42) 

giio = win 3111 = WiO' pi = mh pioQ = vq*oo 

pno = VP11, Pin = VP10, 
and we obtain the 6-wave (complex) system with the following Hamiltonian: 

H {0) = -iJ »(100) - ff *(l) + 2Reff (m) + 2R Cj ff (ll) (4.43) 

2Re " 111 1 ' f 111 



011,100 [ 1 110', 001 
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Example 22 C|| = t. C||([/ T (— A)) + U(X) — 0. This reduction does not restrict 
the Cartan elements. For the elements of the potential matrix we have the following 
restrictions: 

p a = q a (4.44) 
and this leads to the 6- wave system : 

i{a 1 - a 2 )<?ioo,i - «Oi - 62)9100,2 + K49ii9m + «29io?ho = 0; 

i(a 2 - 03)^10,* - i(h - 63)910,2 + K29ioo9no - K39i9n = 0; 

i(a 3 - a 4 )q M - i(b 3 - b 4 )q liX + Ki9no9m - K3911910 = 0; (4.45) 

i(ai - a 3 )qiio, t - z(6i - 63)9110,2; + Kigigm - k 2 9io9ioo = 0; 

i(a 2 - a 4 )<jii, f - i(b 2 - b 4 )qn, x - K491009111 + n 3 qiq w = 0; 

i(ai - a 4 )qi 11:t - i(bi - 64)9111,2; - Kiqiqiw ~ K49n9ioo = 0; 

where hi, i = 1, . . . , 4 are given m Appendix A. The Hamiltonian vanishes, see Remark 

3. 

Example 23 C|| = S e3 - ei . Cg(£/ T (-A)) + U(X) = 0. This gives: 

a 4 = a 3 , 64 = 63, pioo = <?ioo, P110 = -9111, (4.46) 
P11 = -qw P10 = -9n, P111 = -Olio, 

while the fields q 4 and p\ are both unrestricted and redundant. This gives the 5-wave 

(complex) system : 

i(ai - a 2 )qwo,t - «(6i - 62)9100,2; - n 3 (q w qm + 9119110) = 0; 
i(a 2 - a 3 )q Wtt - i{b 2 - b 3 )q w , x + K391109100 = 0; (4.47) 
i(ai - a 3 )q n o,t ~ «(6i - 63)9110,2; + K39109100 = 0; 
i(a 2 - a 3 )qu. t - i(b 2 - b 3 )qu. x + k 3 9iii9ioo = 0; 
i(ai - a 3 )qm t t - i(b 4 - 63)17111, ^ - k 3 9ii9ioo = 0; 
The Hamiltonian vanishes, see Remark 3. 

Example 24 = S e2 - e3 S ei - ei . C^(U T (-X)) + U{\) = 0. Therefore: 
a 4 = — ai, a 3 = ~a 2 , 64 = -61, 63 = -6 2 ; 

qi = -9100, 9ii=9no, Pi = -P100, Pn=Pno; (4.48) 
we obtain the 8-wave system with the Hamiltonian: 

HW = flo(l) + ^o(lO) + H (ll) + flo(Hl) 
111 If 011 
011,100' / \ 010,001 

Here pio,qio and pm, 9m are unrestricted fields. 

Example 25 Cg = t. C^(W(nX*)) - (7(A) = 0. This reduction gives that the 
Cartan elements must be real (purely imaginary) for r) = 1 (77 = —1) and for the 
potential matrix: 

P a = -m* a , aeA+. (4.49) 
Thus we get the 6-wave system with the general Hamiltonian for this algebra and ki; 
i = 1, . . . , 4 are real. The case rj = 1 leads to the compact real form sm(4) for the A3- 
algebra. 
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Example 26 CQ = S = diag (s x , s 2 , s 3 , s 4 ). Et/t^A*)^- 1 - £7(A) = and 
S1S2S3S4 = 1. TTiis reduction gives that the Cartan elements must be real (purely 
imaginary) for 7/ = 1 (n = —1) and for the potential matrix: 

S2 * s 3 „ s 4 » 

P100 = 9ioo> Pio = gio, Pi = -V—<ln 
si s 2 S3 

s 3 * s 4 S4 

P110 = -T}— Quo* Pn = -V—Qu> Pm = -V—Quu ( 4 - 50 ) 

Sl S 2 Sl 

T/iws we get the 6-wave system with the Hamiltonian 

#(o) = £1^(100) + — ff *(10) + -#o*(l) + — ffo*(110) + —^0.(11) 

Sl S2 S3 Sl S2 

+— if »(lll) + —iiiHJll, 1, 10) + — (k 2 HJ111, HO, 1) (4.51) 

Sl S 2 Sl 

+K 3 HJlll, 11, 100)) + — k 4 JJ*(110, 10, 100), 
si 



where i?*(a,/3, 7) is given by (4-1) and hi; i — 1,...,4 are real. The case t] = 1, 
si = S2 = S3 = S4 leads to the compact real form su(4) for the A 3 - algebra, see the 
result of Example [1^. For 77 = 1 the choice si = — s 2 = —S3 = — S4 gives us the 
non-compact real form sm(3, 1) and the choice s% = s 2 = —S3 = — s 4 Zeads to another 
non-compact real form su(2, 2) /or i/ie A3- algebra. 

Example 27 Cg= 5e 3 -e 4 . (^(U^A*)) - U(X) = 0. Therefore: 

0*2=7701,2, 04 = 7703, 6*2=7761,2, 64 = 7763 (4-52) 
P100 = -Wiooi Pin = Wno> Pno = WiiD P10 = W11 

pn = w*0) p* = -npu ql = -to, 

and we obtain the 7-wave (2 real and 5 complex) system with the Hamiltonian: 
i7 (0) = flo(l) + flo,(100) + 2RciJ *(ll) + 2Reflo*(Hl) 
2Re ' ' 111 1 ' f 011 



011,100/ 1 \ 010,001 

Example 28 CQ = S e2 - e3 S ei - ei . C^{W{n\*)) - U{\) = 0. Therefore: 

04 = 77a*, 03 = 7703, 64 = 776J, 63 = 7762 (4.53) 
ei=Wioo. q*o = VQw, ?ii = -Who, 3iii= Willi 

Pi = VP*100; PlO = VPlO, Pll = -WllO' Pill = Will J 
and we obtain the 8-wave (4 real and 4 complex) system with the following 
Hamiltonian: 

H {0) = flo(10) + ffo(lH) + 2Rci7 *(100) + 2Rci/ o *(H0) (4.54) 

/f 111 1 ( 110 
+ 2Re ^| 110 ^ 001 , 1 + I 01Q ^ 1Q0 

77ms system is related to the noncompact real form sit* (4) of A3. 
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4.5. g ~ B 3 - so(7) 

In this case there are nine positive roots A + = {100,010, 001, 110, Oil, 111, 
012, 112, 122} where again ijk = ia\ + ja 2 + kct 3 and a \ = e\ — e%, a 2 — e 2 — e 3 , 
a 3 = e 3 . The interaction Hamiltonians below are given by ( |l.9|) where the set ot triples 
of indices M is {[122, 112, 10], [122, 111, 11], [122, 12, 110], [112, 111, 1], [112, 12, 100], 
[111, 110, 1], [111, 11, 100], [12, 11, 1], [11, 1, 10], [110, 10, 100]}. 

Example 29 C|g| = w . CQ(C/(— A)) — U(X) = 0. This reduction doesn't restrict the 
Cartan elements. Therefore: 

Pa = q a (4.55) 

thus we get 9- wave system. The Hamiltonian vanishes, see Remark 3. 

Example 30 CU = S ei - e2 . 0Q(U(X)) - U(X) = 0. Then 



Pioa = 9ioo, 9no = 9io, 9m = 9n, 9112 = 912, 
9122=0, Pno=Pio, Pm=Pn, (4.56) 
Pii2=Pi2, P122 = 0, a 2 = ai b 2 = bi. 
The interaction reduces to the 8-wave system with the Hamiltonian: 
£T<°> = 2i? (10) + H (l) + 2if (ll) + 2H (12) 

012 1 , r on , , 



011,001/ } 010, 001 

In addition 5100 becomes redundant, see Remark and p\ , q\ are unrestricted ones. 
This system is related to the TS 2 -subalgebra. 

Example 31 C^ = S e3 . C^(U(X)) - U(X) = 0. Here we have 

9112 = 9110, 912 = 9io, 9111 = 9n =0, p\ = -91, (4.58) 
Pii2=J5no, pi2=Pw, Piii=Pn=0, a 3 = b 3 = 0. 
The Hamiltonian reduces to 

= iZo(100) + 2if (12) + 2i? (112) + iZo(122) 

\ 012,110'} + {oi2,10o}) ^ 4 ' 59 ^ 

Here q\,p\ are redundant fields and pioo, 9ioo, ^122,9122 are unrestricted. This system 
is related to the T> 3 -subalgebra. 

Example 32 CQ = S ei - e2 S e3 . CQ(C/(-A)) - U(X) = 0. Then 

Pwa = -9100, 912 = -9110, 9m = 9ii, 9112 = ~9io, Pi = 9i, 
P12 = -P110, P111 = Pn, P112 = -Pioj a 2 = -ai, b 2 = -b\. (4.60) 
However this choice means that CfiiK J) — — J and therefore Remark Q applies. Thi, 



s 



automorphism reduces (1.1) to the following 8-wave equations: 

Mi9ioo,t - ihqioo.x + K(q 10 p no - 9110P10) = 0, 
i(ai + a 3 )q w , t - i(h + 63)910,2 + 2n(qiqn - 91009110) = 0, 
ia 3 qi, t - ib 3 qi, x + n(qnpi W - 911P10 + Pn9no - Puffio) = 0, 
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i{a 1 - a 3 )q nQit - i(b x - b 3 )q 110 , x + 2K(q 1 q 11 + 9i 00 9lo) = 0, 
iaiqu, t - ibiqn,x ~ «(?i3no + QiQw) = 0, (4.61) 
i(oi + o 3 )pio,t - i(h + b 3 )p w ,x + 2K(pnq 1 + giooPiio) = 0, 
i(oi - o 3 )pixo,t - - &3)Pno,x + 2k(ph<7i - 9100P10) = 0, 
idipn.i - ibipii, x - K(qipno + qipw) = 0, 
where k — a x b 3 — a 3 bi and qm, Pv2i o.re redundant, see Remark^. 

Example 33 CO = S ei S e2 . C^(f (— A)) — U(X) = 0. The reduction conditions give 
C^(J) = — J ana: 

Pioo = 9ioo, PiX2 — quo, Pm = —Qui, Pno = 9H2, 

Pi = 0, P122 = 5m, P12 = 9io, Pn = -qn, 

Pio = 9i2, 9i = a 3 = 0, b 3 = 0. (4.62) 

Again Remark || applies and we obtain the next 8-wave system: 

i(ai - a 2 )qioo,t ~ i(h - b 2 )q 100 . x + «(9io9ii2 + 9129110 - 29119m) = 0, 

ia 2 qio,t - ib2qio,x - ^(9100 + 9122)9110 = 0, 

iai9no,t ~ ihquo,x ~ «(9ioo ~ 9122)910 = 0, 

ia 2 qu,t - ib 2 qn,x - k(9ioo + 9122)9111 = 0, (4.63) 
iaiq\n,t - ibiqui,x ~ n{qwo - 9122)911 = 0, 
iazqn.t ~ ib 2 qi2,x - k(9ioo + 9122)9112 = 0, 
iai9ii2,i - ibiqii2, x - n{qim - 9122)912 = 0, 

i(ai + a 2 )qi22j. - i(h + b 2 )qi22,x + ^(9109112 + 9i29no - 2q n qui) = 0, 
where n = aib 2 — a 2 6i- 

Example 34 Cjj^] = H. W(rjX*) — U(X) = 0, i] = ±1. This reduction makes all 
Cartan elements real for rj = 1 and purely imaginary for rj = — 1 and 

P a = -W* a - (4-64) 
Thus we get the 9-wave system with Hamiltonian with the upper restrictions. 

Example 35 £ = diag (s u s 2 , s 3 , 1, l/s 3 , l/sa, £ -1 l/ t (T?A*)E - U(X) = 0, 

rj = ±1. After this reduction all Cartan elements become real for rj = 1 and purely 
imaginary for rj = — 1 and 

51 » s 2 , 

P100 = 9ioo- P10 = 9io> Pi = - ? y s 39i, 

52 S3 

P110 = -V— Qno> Pn = - ? 7S29ii, P111 = -V s iQni, ( 4 - 65 ) 
S3 

P12 = -r)s 2 s 3 q* 2 , pus = -J?si«3?*i2) Pm = -^1^122 > 
77ms we gei i/ie 9-wave system with real Hamiltonian: 
jj(o) = £1^(100) + ^0,(10) + s 3 ff *(l) + —ffo.(HO) + s 2 # *(ll) 

S2 S3 S3 

+ *iflo.(Hl) + s 2 s 3 ff *(12) + sis 3 i?o*(H2) + sis 2 tf *(122) (4.66) 
+ («i - « 2 - K 3 )sis 2 i?*(122, 112, 10) - K 3 sis 2 ff*(122, 111, 11) 
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+ (m -k 2 + k 3 )s iS 2#*(122, 12, 110) + k 2 SiS3#,(112, HI, 1) 
+ - k 2 + K 3 )siS3ff*(H2, 12, 100) + K 2Sl H4in, 110, 1) 
+ K3»lJZ*(lll, 11, 100) - kis 2 s 3 ^*(12, 11, 1) + «i 82^(11, 1, 10) 
+ ( Kl + k 2 + k 3 )— #*(110, 10, 100) 

S3 



where the terms i?*(a, /?, 7) are given in (4-'0- I n the particular case s% = s 2 = S3 = 1 
the result coincides with example \3^ . 

Example 36 CQ= w . C^(W(r)X*)) - U(X) = 0, 77 = ±1. This reduction requires 
that all fields p a ,q a are real while all Cartan elements must be purely imaginary for 
7/ = 1 and vice versa for 77 = — 1. Thus we get 18- wave system with the Hamiltonian 
(l.i ). The case with 77 = 1 leads to the real form so(7,R) ~ so(7, 0) for the 'B^-algebra. 

Example 37 = S ei - ea . C$(W(r)\*)) - U(X) = 0, 7/ = ±1. Therefore: 

9*oo = -W100, Pio = -Wno, Pix = -Win. P12 = -W112, 

P100 = -VPwo, Pxio = -Vila, Pm = -VQu> Phi = ~VQi2> ( 4 - 67 ) 

P122 =179*22, Pi = -m*i, 02 = 170*, &2 = »7&J, 0,3=77(13, 63=7763, 

which gives the 10-wave (2 real and 8 complex) system with the following Hamiltonian: 

iJ (0) = ffo(lOO) + flo*(l) + ^o*(122) + 2Reff o *(H0) 
122 )J 112 )J 111 If 110 



111, Oil J \ 012, 100 J \ Oil, 100 J \ 010, 100 

+2Rc ({ 012410 } + { 11M01 } + { 11M01 }) ^ 

Example 38 CQ = S es . C^(W(r]X*)) - U(X), 7/ = ±1. Then: 

PlQQ = -WlOO, PH2 = -WllO, -Pm = Will, PUO = -179*12, 

P122 = -?79i22, P12 = -179*0, Pix=i79*i> P10 = -179*2, 

9* =i?9i, P* = i?Pl, a 3 = -i7 a 3, 63 = -1763, 

a* = 7/ai, «2 = 77a 2 , 6* = 7761, 63 = i?&2, (4.69) 

so we obtain the 10-wave (2 real and 8 complex) system with the Hamiltonian: 

£7 (0) = H *(100) + flo,(ll) + flo.(Hl) + ^o*(122) + fr (l) + 2Rci/ *(H2) 
122 1 f 111 1 f ( 122 1 f 110 

111,011 J + 1 011,100 J + \ \ 012,110 J + 1 010,100 



111 1 f 012 
110,001 J + 1 011,001 



(4.70) 



Example 39 Cg= S ei ^ e2 S e3 . C^T/t^A*)) - 77(A) = 0, 77 = ±1. Then: 

9100 = -179*00, Pl2 = -Wll0, Pll= 179*11, P10 = -179*12, 

P122 = 179*22, Pixa = -i79io, Pm = 179*1, P110 = -179*2, 

9* = i79i, Pi = 17P1, P100 = -Wioo, (4.71) 
a* 3 = -7703, 63 = -7763, 02=770*, 63=776*, 



2Reff .(Hl) 
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and we obtain the 11-wave (4 real and 7 complex) system with Hamiltonian: 
= flo(lOO) + flb(l) + ^o*(122) + 2Rci/ *(H2) + 2Rctf *(12) 

122 1 f 122 1 J 122 1 J 111 
012,110/ + \ 111,011 J + \ 112,010 J + \ 011,100 

+ 2Re ({oio!?oo} + {m!ooi} + {on!ooi}) ( 4 - 72 ) 

Example 40 = S ei S e2 . C^(W(tjX*)) - U(X) = 0. As a result: 
a% = na 3 , 63 = i]b 3 , a* 12 = -7701,2, 6^2 = -»7&i,2, 
9ii2 = VQnoi 9i2 = VQ*a, P112 = ¥uo- P12 = «7Pioi 

9ioo = W100, Koo = W100, g*u = -Win, Pin = -Win, (4-73) 

9l22 = '79122, Pl22 =J 7Pl22, Pi = "Wl) 9*1 = "Wll) Pll = ->7Pll, 

which leads to the 13-wave (8 real and 5 complex) system with Hamiltonian: 
iJ (0) = ffo(lOO) + flo(122) + ff *(l) + Bo*(ll) + ff *(lll) + 2Reff „(12) 



2ReF ^112) + { 11 1 1 2 2 11 } + { 01 1 i ; i 1 00 } 



+ 2Re ({ 012, 110' } + { 012, 100 } + { 111, 001 } + { 011, 001 }) 
4.6. 2-C 3 ^s P (6) 

In this case there are nine positive roots A + = {100,010, 001, 110, 011, 111, 021, 
121, 221} where again ijk = ict\ + jo-i + ka 3 and a% — e\ — «2 = &2 — ot 3 = 2e 3 , 
the set ot triples of indices is M = {[110,10,100], [111,11,100], [121,21,100], 
[121, 11, 110], [21, 11, 10], [111, 110, 1], [11, 1, 10], [121, 111, 10], [221, 121, 100], 
[221,111,110]}. 

Example 41 Cpij — w$. C^(U(— A)) — U(X) = 0. This reduction doesn't restrict the 
Cartan elements. Therefore: 

p a = q a , a e A (4.75) 

and leads to the 9 -wave system with vanishing Hamiltonian, see Remark 3. This 
system is similar to the general one without reductions but with the fields p a replaced 
by 9a- 

Example 42 CQ = S ei _ ea . Cg([/(A)) - U{\) = 0. Therefore: 

Quo = 9io, 9in = 9n, 9221 = —921, P100 = 9ioo, 
Pll0=Pl0, Pill = Pll, P221 = -P21, 02 = 0!, b 2 = h, (4.76) 
and we obtain the 10-wave system which is described by the Hamiltonian: 

iJ (0) = 2JT (110) + H (l) + 2flo(lll) + 2F (221) + ff (121) 

221 1 , f 121 1 . f 011' 1\ (4J?) 



111,110/ \ 011', 110 J \ 010', 001 

Note that the functions 9121, P121 and qi, pi remain unrestricted andqioo is redundant, 
see Remark @. 



H {0) = iZo(lOO) + 2if (10) + 2# (110) + 2 



(4.78) 
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Example 43 CQ = S 2e3 . CQ(J7(A)) - U(X) = 0. TTien: 

gin = —Quo, 9n = -Qio, Pm = -Puo, Pu = —pw 

P221 = P121 = P21 = 0, ^221 = 9121 = 921 = 0, pi = C[l , 

03 = 0, b 3 = 0; 
giving the 6 -wave (complex) system with the Hamiltonian: 

110 
010,100 

related to A 2 -subalgebra. Here k = a\b 2 — 0261, 9100 and pioo are unrestricted fields 
and q\ is redundant, see Remark 2. 



(4.79) 



Example 44 

a 2 = -ai, b 2 = 
9221 = -021, Pi 



= S ei _ e2 S 2e3 - C0(C^(-A)) - 17(A) = 0. 77ms sroes: 
-oi, Pioo = — 9ioo, 9110=911, 9in=9io, 

: -91, PU0=PU, Pill =PlO, P221 = -P21, 



(4.80) 



(4.81) 



and the next 8-wave system, see Remark^: 
iaiqwo.t - ibiq wo . x + «(pio9ii - Pn9io) = 0, 

i(ai + a 3 )q Wtt ~ i{h + b 3 )q w - x - 2K(q 2 iPu + 9ioo9u + 9i9n) = 0, 
iaaqij ~ ib 3 qi,x - k(pio9ii ~Pii9io) = 0. 

i(a\ - 03)911,1 - i{bi - 03)911,3; - 2n(q 2 ip w - 9100910 + 9i9io) = 0, 
iffli92i,t - ihQ2i,x ~ 2k9io9ii = 0, 

i(ai + a 3 )pi ,t - i(bi + b 3 )p w . x + 2n(q 1 pn + 9100P11 - P21911) = 0, 
i(ai - a 3 )pii, t - i(h - b 3 )pu. x + 2n(qip 10 - 9100P10 -P21910) = 0, 
ia\P2i,t ~ ib\P2i, x + 2np w pn = 0, 

where k — a\b 3 — a 3 b\ and q\ 2 \ and p\ 2 \ are redundant fields, see Remark\ 

Example 45 Cg = S 2ei S 2 e 3 ■ C@(t7(-A)) - 17(A) = 0. Then: 
a2 = 0, 62 = 0, P121 = -9100, P100 = -9121, Plll=%ll, 
Pno=%io, P221 = -9221, Pi =91, 9n =%o, P11 = -ipio- 
so we get the next 8-wave system, see Remark^: 

Wi9ioo,i - ibiqwo.x - ^(giiiPio + «Pio9no) = 0, 
ia 3 q w ,t - ib 3 qio, x + K(9i2i9m + «9i2i9no) = 0, 
ia 3 qi, t - ib 3 qi, x + 2iKqn qm = 0, 
i(ai - 03)9110, t - i(bi - 03)9110,* + K{2iq 221 qm + igmpio + 2919m + 9100910) = 0, 
i(ai + 03)9111,4 - i(h + b 3 )q nl . x + K(2iq 22 iq lw - 2q 1 q no - iq wo q w - 9121P10) = 0, 
«ai9i2i,t - ihqi2i,x + K9in9io = 0, (4.83) 
«Oi922i,t - 2019221, x - 2k(9iii9ho + iquoQio) = 0, 
«a 3 pio,t - ib 3 pio, x + k(%oo9iio - 9ioo9m) = 0, 
where k = a\b 3 — a 3 b\ and 921 and p 2 \ are redundant fiels, see Remark 



(4.82) 
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Example 46 = 1. W(r]X*) - 17(A) = 0, r) = ±1. T/iis reduction means that all 
Cartan elements are real for X] = 1 and purely imaginary for rj = — 1 and 

Pa - -?7<£. (4.84) 



TTms we gei i/ie 9-wave system with Hamiltonian (l.L) with the restrictions given 
above. 

Example 47 £ = diag (si, s 2 , s 3 , l/s 3 , l/s 2 , 1/si), E^U^A^E - [/(A) = 0. After 
i/iis reduction all Cartan elements are real for r\ = 1 and purely imaginary for rj = — 1 
and 

S l * s 2 * 2 * 

Pioo = gioo> Pio = 9io> Pi = -77 s 3 9i, 

P110 = 5no) P11 = -57S2S39U, P111 = -?/sis 3 gui, (4.85) 
S3 

P21 = -V s 2Ql2, P121 = -V s l s 2Q*21r -P221 = -VSiqhl, 

which leads to a 9-wave system with the Hamiltonian: 

H^ = — ff .(100) + — Ho. (10) + 4^0.(1) + — Ho.(HO) + s 2 s 3 if *(ll) 
s 2 s 3 s 3 

+ SiS 3 H *(Hl) + s!#o*(21) + Sl s 2 Ho*(121) + fl?fT ,(221) (4.86) 

+ (ki + k 2 + k 3 )— fl.(110, 10, 100) + (-K1 - k 2 + k 3 )sis 3 HJ111, 11, 100) 
S3 

+ 2K 3 sis 2 i7*(121, 21, 100) + (ki - k 2 + K 3 )sis 2 i7*(121, 11, 110) 
+ 2/sis^if*(21, 11, 10) + 2k 2 si s 3 #* (111, 110, 1) + 2kis 2 s 3 H*(11, 1, 10) 
+ («i - K2 - k 3 )sis 2 H»(121, 111, 10) + 2K 3 s?fr»(221, 121, 100) 
-2K2S?/f*(221,lll,110), 



where the terms 17* (a, 0, 7) are given in (4-. r i)- 7n /Tie particular case s\ = S2 = s 3 = 1 
we obtain the result of example \^b\ 

Example 48 = wq. C^(U^ (rjX*)) — U(X) = . 77 = ±1. This reduction means 
that all fields q a , p a are real and the Cartan elements are purely imaginary for rj = 1 
and vice versa for rj = — 1. Thus we get the lS-wave system with the Hamiltonian 
( l.i ). The case 77 = 1 leads to the non-compact real form sp(6, R) for the C^-algebra. 

Example 49 CQ = S ei - e2 ■ Cg^^A*)) - U{X) = 0, 77 = ±1. Therefore: 
9ioo = -W100, P100 = -VP100, Pi = -VQ*, P121 = -W*2i> 

P10 = -Wuo> Pno = -Wioi = -Wan -Pm = "Win (4-87) 

P2i=W22i> £221= W21) 02=770*, b 2 =vK) a l = & 3 = ^3- 

so i/us Zeads £0 f/ie 10-waue (S rea/ and # complex) system with the Hamiltonian: 

ff(°) = ff (100) + 77 *(121) + 77 *(1) + 2Rei7 *(221) + 2Rei7 08 (lll) + 2Re77 *(110) 

111 I f 110 1 /f 221 1 f 221 

Oil, 100 J + 1 010, 100 J + 11 121, 100 J + 1 111, 110 



121 1 f Oil 
011,110 J + 1 010,001 



(4.88) 
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Example 50 = S 2e3 . C^(W(r)\*)) - 17(A) = 0, rj = ±1. Then: 

Qi = -mi-, P* = -VPt> Pioo = -Wiooi Pin=Wno; 

pno = wm, ph = mlo, pw = mil, vin = mini ( 4 - 89 ) 

P221 = VQ221' P21 = VI2I, a l,2 = mi,2, K,2 = Vh,2, 
a 3 = ~V a 3, b 3 = _7 ? 6 3- 

T/Vus we obtain the lQ-wave (2 real and 8 complex) system with the Hamiltonian: 

i7 (0) = i7 *(100) + flo(l) + ff *(21) + flo.(121) + ffo*(221) + 2Rei7 *(lll) 
221 1 f 221 1 f 121 1 f 111 
121, 100 J + 1 111, 110 J + 1 021, 100 J + 1 110,001 



2Rei7 *(H) 



011, 010 } + { 010, 001 } + 2Rc ({ 011, 110 } + { 011, 100 }) ■ ( 4 ' 9 °) 

Example 51 Cg| = S ei -e 2 S-2e 3 ■ C^{W(n\*)) - U(X) = 0, n = ±1. Then: 
P*ioo = -VP100, 9*00 = -W100, Pn=Wiioi Pm = mlo, Pio=mln 

pno = mli, P121 = W121) P21 = -VQ221, P221 = -mli, ( 4 - 91 ) 
1* = -mi, p* = -vpi, a 2 = ml, b 2 = ml, a l = -ws, b* 3 = -rjfo; 

giving the 11 -wave (4 real and 7 complex) system with Hamiltonian: 
H<® = flo(lOO) + ff (l) + flo*(121) + 2Rei7 *(ll) + 2ReF *(lll) 
+ 2Rc 7^(221) + { 01 \ 21 UQ } + { 11 1 1 2 J 1Q } + 2Rc ({ 12 fj QQ } + { 



111 1 r 111 
110,001 j + 1 011,100 



(4.92) 



Example 52 Cg = S ei - e2 S ei+e2 . Cg(l/%A*)) - 17(A) = 0, rj = ±1. Therefore: 
?*oo = -W100, ?m= A. Q'ii=-Wiqj 92i=W2i, 

?*2i = -W121, <?22i = Piqo = -??Pioo, P111 = -Who (4-93) 

Pn = rjiPio, P21 = VP21, Pm = -VP121, P221 = VP221, Pi = ml 

0-1,2 = ~mi,2, K f2 = -7761,2, 4 = ?7a 3 , 63 = T]b 3 . 

Thus we get the 13-wave (8 real and 5 complex) system with Hamiltonian: 

= flo(lOO) + ff (121) + fT (21) + flb*(l) + 2ReJf *(H) + 2Rei7 *(Hl) 
221 1 f 121 1 f 021 ] f Oil 



. . J 221 1 J 121 1 f 021 
o( J + j 121j 100 / + \ 021, 100 J + \ Oil, 010' 



010', 001 



111, no'} + { 110', 001 } + 2Re ({ 111, 010'} + {011,100 ^ 1 l4 ' !)4) 

5. Real forms of g as Z2 reductions 

As we already mentioned, in several of the examples above the Z2-reductions act 
as Cartan involutions, i.e. iU(x, A) belongs to a real form g R of the corresponding 
complex simple Lie algebra g. As a result the scattering matrix T(X) (see eq. (S.2) 
below) belongs to the corresponding compact or non-compact Lie group. 
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It is well known that X G g R if X G fl and (see e.g. Q): 

a(e(I))E^(I)) = I, 0(X) = -X*, leg, 

where cr is an involutive Cartan automorphism: a — 1. The related Z2-reduction acts 
in addition on the complex spectral parameter A via complex conjugation: k(A) = A*. 
The compact real form g R of g is obtained with a = 1. For the non-compact cases the 
Cartan involution splits the roots of g into compact and non-compact ones as follows: 

1) If o-(E a ) = E a , where E a is the Weyl generator for the root a, we say that a 
is a compact root. 

The non-compact roots are of two types depending on the orbit-size of cr: 

2) If a(E a ) = eE a , e = ±1 the orbit of a consist of only one element; 

3) If o-(E a ) — eE_p, a 7^ (3 > and e = ±1 then {a, /?} is a two-element orbit of 

a. 

Let 7r be the system of simple roots of the algebra and 7To be the set of the compact 
simple roots. The (inner) Cartan involution which extracts the non-compact real form 
g R from the compact one is given by: 

Here H UJk = X^iC^fci e i)hi, where {hi} is the basis in the Cartan subalgebra f) C g 
dual to the orthogonal basis {e^} in the root space and {oJk] are the fundamental 
weights of the algebra. 

Note that in the examples above for the A2 and A3 algebras the corresponding 
normal real forms sZ(3,M), s^(4,K.) and su*(4) are extracted with external 
automorphisms. We leave more details about non-compact real forms generated by 
external involutive automorphisms to the second paper of this sequence. 

The list of the Cartan involutions for the considered real forms of the simple Lie 
algebras and the relevant examples is given in table |[ 

6. Scattering data and the Z2-reductions. 



In order to determine the scattering data of the Lax operator (L2) we start from the 
Jost solutions 



lim ^(x,X)e lAJX = 1, lim </>(x, \)e lXJX = 1, (6.1) 

x — >oc x — > — 00 

and the scattering matrix 

T(A) = (^,A))-V(^A). (6.2) 

Let us start with the simplest case when J has purely real and pair-wise distinct 
eigenvalues. Since the classical papers of Zakharov and Shabat 0, |2(| the most efficient 



way to construct the minimal set of scattering data of (1.2) and to study its properties 
is to make use of the equivalent Riemann-Hilbert problem (RHP). 

We treat below only the simplest non-trivial case when J has real pair-wise 
distinct eigenvalues, i.e. when (a,<x,) > for j = 1, ...,r, see p). Then one is 



able to construct the fundamental analytic solutions (FAS) of (1.2) x^(x, A) by using 
the Gauss decomposition of T(A): 

T(A) = T-{X)D+(X)S+(X) = T+(X)D-(X)S-(X), (6.3) 
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Q 


Compact real 
form 


non-compact real 
form 


Cartan involution 


A 2 


su(3), Ex. |and 
Ex. §, Si = s 2 = s 3 . 


si(3,R), Ex. 2 


external 


su(2, 1), Ex. |3 




si = -82 = -s 3 


c 2 


sp(4), Ex. 8 and 
Ex. p[, si = S2 = 1. 


sp(4,R), Ex. 7 




sp(2,2), Ex. c 


Sl = -1, s 2 = 1 


G 2 


02, Ex. [jj and 

Ex. 15, Sj = s 2 = 1- 


02, Ex. [l5j 


si = s 2 = -1 


A 3 


su(4), Ex. |25j and 
Ex. 26, si = S2 = S3 = S4 


sZ(4,R), Ex. 19 


external 


su(l, 3), Ex. 


26 




Sl = —S2 = -S3 = -S 4 


su(2,2), Ex. 


26 




si = s 2 = -s 3 = -S4, 


su*(4), Ex. 28 


0~ — Se%— e3 ^ S ei — e ^ 


B 3 


so(7) ~ so(7,K) 
Ex. |34|, Ex. 36 and 
Ex. 35, Si = s 2 = S3 = 1 


so(2,5), Ex. 


35 




Sl = -1, s 2 = S3 = 1 


so(3,4), Ex. 


35 




Sl = s 2 = -1, S3 = 1 


so(l, 6), Ex. 


35 




Sl = S 2 = S3 = -1 


c 3 


sp(6), Ex. |46| and 
Ex. 0, si = s 2 = s 3 = 1. 


sp(6,R), Ex. 48 




sp(2,4), Ex. 


si = —82 = -s 3 = 1 



Table 3. List of reductions related to real forms of g. In all examples we assume 

n = i. 



where by "hat" above we denote the inverse matrix S = S 1 and 

S ± {X) = exp I Y, 4 a WE± a I , T ± (A) = exp I £ t± a (X)E± a J , (6.4) 

Hj = H aj , Hr = Wo (Hj). 

Here / is an element from the universal center of (5 and the superscript + (or — ) 
in D ± (X) shows that D^~(A) (or ZAj~(A)) are analytic functions of A for ImA > (or 
Im A < respectively) . Then we can prove that || 

X ± (x,X) = cj ) (x,X)S ± (X) = i>(x,X)T*(X)D ± (X) (6.6) 



are FAS of (1.2) for ImA ^ 0. On the real axis x + (ir,A) and x (^)A) are linearly 
related by 

X + (x,A)= X -(x,A)G (A), G (X) = S+(X)S-(X), (6.7) 

and the sewing function Go (A) may be considered as a minimal set of scattering data 
provided the Lax operator (1.2) has no discrete eigenvalues. The presence of discrete 
eigenvalues A^ means that some of the functions 

Df(X) = (uf\D±(\)\uf) = exp (d±(A)) , 

will have zeroes and poles at , for more details see [|[ |25j. Equation (6.7) can be 
easily rewritten in the form: 

£ + (x,\) =£-(aj,A)G(x,A), G(x, A) = e - lXJx G a (X)e lXJx . (6.8) 
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Then (S.8) together with 



lim £ (x, A) = 1 

A — KXj 

can be considered as a RHP with canonical normalization condition. 



(6.9) 



The solution £ + (:r,A), £ (a;, A) to (5.8), (5.9) is called regular if £ + (a;,A) and 



£ (x, A) are nondegenerate and non-singular functions of A for all ImA > and 
Im A < respectively. To the class of regular solutions of RHP there correspond Lax 



operators (1.2) without discrete eigenvalues. The presence of discrete eigenvalues A^ 



leads to singular solutions of the RHP; their explicit construction can be done by the 
Zakharov-Shabat dressing method Q, |(| . 

If the potential q(x, t) of the Lax operator ([1.2]) satisfies the iV-wave equation 



(1.1) then S f± (t, A) and T ± (t, A) satisfy the linear evolution equations 



dS ± 

! — — 

dt 



X[I,S ± (t,X)]=Q, 



dT* 

! — — 

dt 



X[I,T ± (t,X)}=0, (6.10) 



while the functions D ± (A) are time- independent. In other words D^(X) can be 



considered as the generating functions of the integrals of motion of (1.1). 

If we now impose a reduction on L it will reflect also on the scattering data. It 
is not difficult to check that if L satisfies (2.6) then the scattering matrix will satisfy 

C k (T(T k (X))=T(X), XeR. (6.11) 

Note that strictly speaking ( |6.1l| ) is valid only for real values of A (more generally, for 
A on the continuous spectrum of L). If we choose reductions with automorphisms of 
the form Q), Q and @ for the FAS and for the Gauss factors S ± (X), T ± (A) 
and D ± (A) we will get: 



S+{X) = A 1 (S-(X 

d + (X) = (d-(x 



A- 1 



S+(X)=A 2 (s-(-X)) A- 2 \ 

D + (X)=D-(-X), V = -l, 
S + (X) = A 3 (S-(-A*))%-\ 
D+(X) = (D-(-X*))\ 



T+(X) = Ai (f-(X* 
F(X) = (F(X*))*, 



A- 1 



T+(A)=A 2 T-(-A) A 



(6.12) 



(6.13) 



r 1 



T+(X) = A 3 (T-(-X*))*A a 
F(X) = (F(-X*)T , r)=-l, 



(6.14) 

where we also used the fact that Ai belong to the Cartan subgroup of g. Next we 
make use of the integral representations for d^(X) allowing one to reconstruct them as 
analytic functions in their regions of analyticity 
eigenvalues we have || |llj : 

d[i 



In the case of absence of discrete 



-oo V 



A 



ln( Wj |T+( M )T-(/i)K), 



(6.15) 



where ujj and are the j-th fundamental weight of g and the highest weight vector 
in the corresponding fundamental representation R(u>j) of g. The function T>j(X) is a 
piece-wise analytic function of A equal to: 



%(A) 



(4(A)- 
~dJ,(X), 



for A € C+ 
iJ,(X))/2, for AeM, 
for AeC_, 



(6.16) 
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where dj (A) were introduced in ( p.q ) and the index j' is related to j by Woiptj) — —otj> . 
Here Wq is the Weyl reflection that maps the highest weight in R(ujj) into the lowest 
weight of R(u)j), see [ pT| . 

The functions 2?j(A) can be viewed also as generating functions of the integrals 
of motion. Indeed, if we expand 



(6.17) 



and take into account that D ± (X) are time independent we find that dDj k/dt = 
for all k = 1, . . . , oo and j — 1, . . . r. Moreover it can be checked that "Dj t k expressed 
as functional of q(x, t) has a kernel that is local in q, i.e. depends only on q and its 
derivatives with respect to x. 

From Q6.15 ) and (3.12)-(6.14) we easily obtain the effect of the reductions on the 
set of integrals of motion; namely, for the reduction (6.12): 

i-e-, T> jtk = (-l) fc+1 P* fc , 



V 3 {\) = -V*(X*), 
with T) = 1; for ( 6.13Q we have 

V j (X) = -V j (-\), 



V 



3,k 



(-l) fc+1 p 



and for (6.14) 



V j (X)=V* j (-X*), 



i-e., n,., = (-i)*2?; jA 



(6.18) 
(6.19) 
(6.20) 



In particular from ( 6.19 ) it follows that al int egrals of m otion with even k become 
degenerate, i.e. Dj,2k = 0- The reductions ( 6.18 ) and ( 6.2C ) mean that "half of the 



integrals T>j 2 k become real and the other "half T>j 2 k - purely imaginary. 

We finish this section with a few comments on the simplest local integrals of 
motion. To this end we write down the first two types of integrals of motion T>^\ and 
T>j } 2 as functionals of the potential Q of (1.2). Skipping the details (see we get: 



V 



dx([J,Q],[HY,Q)), 



and 

Via 



l r°° i f°° 

- dx(Q,[HV,Q x ])-- dx([J,QUQ,[HV,Q]]), 

J -oo J -oa 



(6.21) 



(6.22) 



where Hj = 2H Uj /(etj,aj). 

The fact that "Dj \ are integrals of motion for j = 1, . . . ,r, can be considered as 
natural anal og o f the Manley-Rowe re lation s jj], || . In the case when the reduction is 
of the type (|2.l|), i.e. p a = s Q g* then ( 6.2l|) is equivalent to 



y-v 2 (a, a)(u>j, a) 

a>0 



(a, a) 



dx s a | q a (x)\ 2 = const, 



(6.23) 



and can be interpreted as relations between the densities \q a \ 2 of the 'particles' of type 
a. For the other types of reductions such interpretation is not so obvious. 

The integrals of motion P j 2 are directly related to the Hamiltonian of the iV-wave 
equations (1.1), namely: 

>^ 2(aj,6) 

JliV-wavc — — ~ ~ U 

3=1 



{oLj,atj) 



3,2 



Yi ((V(X),F(X) 



(6.24) 
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where t>(X) = dV/dX and F(X) = XI is the dispersion law of the TV- wave equation 



(1.1 ). In (6.24) we used just one of the hierarchy of scalar products in the Kac-Moody 
algebra g = q ® C[A, A -1 ]: 



((X(X),Y(X))) k = ResA fc+1 (f) + (X)X(X),Y(X) 



X(X),Y(X)e 



(6.25) 



see 



7. Hamiltonian structures of the reduced N-w&ve equations 

The generic N-w&ve interactions (i.e., prior to any reductions) possess a hierarchy 
of Hamiltonian structures. As mentioned in the Introduction the simplest one is 
{H(°\ f^°)}; the symplectic form after simple rescaling 

q' a p' a a 

q a -* 7= . , Pa -> 7= , , a e A+, 
V(a,aJ \/(a,a) 

becomes canonical with being canonically conjugated to pjj. 

The hierarchy of symplectic forms is generated by the so-called generating (or 
recursion) operator A = (A + + A_)/2: 

A±Z(x) = ad j 1 (i J + P ■ ([q(x), Z(x)]) + i [q(x), J± (1 - P ) [gfe), Z(y)]f) , 

P S = ad f-zdj-S, (I±S)(x)= j dyS(y), (7.1) 
as follows: 



1 J 



where q(x,t) = [J,Q(x,t)]. Using the completeness relation for the " squared" solutions 
which is directly related to the spectral decomposition of A we can recalculate fiw in 
terms of the scattering data of L with the result: 

/oo 
jxx k (n+(A)-n„(A)), 

fij}=(A) = (^D ± (X)f T(X)5TT(X)D ± {X) A 5 ± (A)^ ± (A)^ . (7.3) 



The first consequence from ( |7.3| ) is that the kernels of differs only by the factor 
A fc ; i.e., all of them can be cast into canonical form simultaneously. This is quite 
compatible with the results of || [| for the action-angle variables. 

Again it is not difficult to find how the redu cti ons influence il( k \ Using the 
invariance of the Killing form, from (7.3) and ( 6. 12 )— ( 5.14 ) we get respectively: 

n+(A) = (no(A*))*, (7.4) 

fi+(A) = fi -(-A), (7.5) 

n+(A) = (no(-A*))*. (7.6) 

Then for fiW from (|t|) wc find: 

n (k) = (7.7) 

Like for the integrals Vj^ we find that the reductions ( 6.12| ) and (6.14) mean that 
become real with a convenient choice for Cfc. 
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Let us now briefly analyze the reduction (3.13) which may lead to degeneracies. 
We already mentioned that T>j 2 k = 0, see (6.19); in addition from (7.7) it follows that 
Q(2fc) = o. In particular this means that the canonical 2-form is also degenerate, so 
the iV-wave equations with the reduction ( |6.13| ) do not allow Hamiltonian formulation 
with canonical Poisson brackets. However they still possess a hierarchy of Hamiltonian 
structures: 



(7.8) 



where VifW = AVg/fO" 1 ); by definition V q H = (SH)/(Sq T (x, t)). Thus we find that 
while the choices {n^ 2k \ ff( 2fc )} for the N -wave equations are degenerate, the choices 
|^(2fc+i) y^(2fc+i)| p r0 vide us with correct nondegenerate (though non-canonical) 
Hamiltonian structures, see |[ O . 

This well known procedure for constructing the fundamental analytic solutions of 
the Lax operators applies to the generic case when J has real and pair-wise distinct 
eigenvalues; such is the situation, e.g. in the examples RT 
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_ (77 = 1), and|3J 

However in several other examples J has complex pair- wise distinct eigenvalues. 
In such cases one should follow the procedure described in O]. Wc do not have the 
space to do so here, but will mention the basic differences. The most important one is 
that now the continuous spectrum Tl of L is not restricted to the real axis, but fills up 
a set of rays Tl = U Q Z a which are determined by l a = {X : Im A(a, a) = 0}. Then it is 
possible to generalize the procedure described above and to construct a fundamental 
analytic solution Xv{ x i A) m each of the sectors closed between two neighboring rays l v . 
Then we can formulate again a RHP only now we will have sewing function determined 
upon each of the rays l v ; possible discrete eigenvalues will lie inside the sectors. 

If we now impose the reduction the first consequence will be the symmetry of Tl 
with respect to it; more precisely, if A G Tl then also k(X ) gTl- Finally we just 
note that the consequences of imposing the reductions ( 6.12 )-( p.l4 ) will be similar to 
the ones already described. In particular the reduction ( 6.13 ) l eads to the dege neracy 
of "half of the Hamiltonian structures, while the reductions ( |6.12 ) and ( 3.14 ) make 
these structures real with appropriate choices for . 

The last most difficult situations that takes place in many examples above arises 
when two or more of the eigenvalues of J become equal. Then the construction 
of the FAS requires the use of the generalized Gauss decompositions in which the 
factors D ± (X) are block-diagonal matrices while (A) and S' ± (A) are block-triangular 
matrices, see |19|. These problems will be addressed in subsequent papers. 



8. Conclusions 



We described the systems of iV-wave type related to the low rank simple Lie algebras. 
In section pj for any equivalence class of the Weyl group for the corresponding Lie 
algebra we choose one representative and we write down the corresponding reduced 
N-w&ve system. The complete list of the reduced systems is given in the tables below; 
two of the examples which we denote by J can formally be listed in different locations 
of these tables, see Remark 1. 



8^A 2 


1 


Z 2 


Ad„ 


C(U^(±X)) = -U(X) 


Ex. 


1 






C(U*{±X*)) = -U(X) 


Ex. 


2 


Ex. : 


i 




C(W(±X*)) = 17(A) 


Ex. 


4 


Ex. 




Ex. 6 
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0^C 2 


1 


-1 






Ad„ 


C(U*(±\*)) = -CT(A) 


Ex. 7 


Ex. 


gjt 


Ex. 1C 


Ex. 11 




C(U(±X)) = U(X) 




Ex. 


li 








C(W(±X*)) = U(X) 


Ex. 8* 








Ex. 9 



0^G 2 


1 


-1 




zf 


Ad„ 


C(U T {±X) = -U(X) 


Ex.13 










C{U*(±X*)) = -U{A) 




Ex. 14 1 


Ex. 16 


Ex. 17 




C(U^(±X*)) = U(X) 


Ex. 14* 








Ex. 15 



- A 3 


1 




zf 


Ad„ 


C(U(±X)) = U(X) 




Ex. 


18 






C(U*(±X*)) = -U(X) 


Ex. 


19 


Ex. 


20 


Ex. 


21 






C(t^(±A)) = -t/(A) 


Ex. 


22 


Ex. 


23 


Ex. 


24 






C(tT(±A*)) = [/(A) 


Ex. 


25 


Ex. 


27 


Ex. 


28 




Ex.26 



0^B 3 


1 


-1 


z« 


z< 2) 


Z 2 3 > 




Adf, 


C(U(±X)) = U(X) 




Ex. 


29 




Ex. M 


Ex. J31 




Ex. |32| 


Ex. |33| 




C(W(±X*)) = U(X) 


Ex. y 


Ex. 
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Ex. |3 


Ex. [38 




Ex. || 


Ex. |g 


Ex. 35 



0-C 3 


1 


-1 










Ad„ 


C(U(±X)) = U(X) 




Ex. 


41 


Ex. 


42 


Ex. 


43 


Ex. 


44 




Ex. 


45 






C(W(±X*)) = U(X) 


Ex. 46j 


Ex. 


48 


Ex. 


49 


Ex. 


50 


Ex. 


51 




Ex. 


52 




Ex. 47 



The iV-wave systems related to reductions from the same equivalence class will 
be equivalent. The empty boxes in the tables above mean that the iV-wave system 
after the reduction becomes trivial. 

We end this paper with several remarks. 

1. The Z 2 -reductions which act on A by T^A) = A*, combined with Cartan 
involutions on g lead in fact to restricting of the system to a specific real form of the 
algebra fl. 

2. To all reduced systems given above we can apply the analysis in (|, [IlJ and 
derive the completeness relations for the corresponding systems of "squared" solutions. 
Such analysis will allow one to prove the pair-wise compatibility of the Hamiltonian 
structures and eventually to derive their action-angle variables, see |l], for the A„- 
series. 

3. These results can be extended naturally in several directions: 

• for NLEE with other dispersion laws. This would allow us to study the reductions 
of the multicomponent NLS-type equations (see [^6|), Toda type systems etc. 

• for Lax operators with more complicated A-dependence, e.g. 

L(X)i> = (i-jj- + U (x,t) + XU^x.t) + i>{x,t,X) = 0. 

This would allow us to investigate more complicated reduction groups as e.g. T, 
O (see [^7j ) and the possibilities to imbed them as subgroups of the Weyl group 
of 9. 

4. In a series of papers Calogero |2^] demonstrated that a number of integrable 
NLEE including ones of N-w&ve type are universal and widely applicable in physics. 
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Although the examples we have here do not seem to coincide with the ones in p8| 
there is a hope that some of them might find applications in physics. 

5. Some preliminary results concerning the Z 2 x Z 2 reduction group are reported 
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Appendix A. 

For each of the algebras used above we list the sets M Q which consist of all pairs of 
roots (3, 7 such that (3 + 7 = a. The roots are denoted as usual by j, k or k; the 
negative roots are overlined. Obviously Ai a describes all possible decays of the a-type 
wave. 



Next we write in more compact form the quantities ujjk (1.9) using the following 
notations: 

Ki = a 2 b 3 - a 3 b 2 \ n 2 — a 3 bi - aib 3 ; k 3 = a\b 2 — a 2 b\. (A.l) 

1. g ~ A 2 — algebra. For this algebra there is only one "decay" of roots: (11) = 
(10) + (01) and the corresponding coefficient is wio.oi = 6k, where k = a\b 2 — a 2 b\. 

2. q ~ C 2 — algebra. Here there are two "decays": 

(21) = (11) + (10), (11) = (10) + (01) 
and the corresponding coefficients ujjk are: 

wn,io = -wio,oi = 2k, n = a\b 2 -a 2 bi. (A. 2) 

3. q ~ G 2 algebra. The sets M. a are as follows: 

M w = {(11,1), (21, IT), (31,21)} M 1 = {(11, TO), (32,3T)} 

Mu = {(10,1), (21,10), (32,21)} M21 = {(10, 11), (31, TO), (32, TT)} (A.3) 

M 3 i = {(21, 10), (32, T)} M 32 = {(31, 1), (11, 21)} 

and the coefficients u>jk without reductions are 

^10,01 = -2^10,11 = 2£t>21,10 = 2^31,01 = -2^21,11 = 6k ( a - 4 ) 

4. q ~ A3— algebra. The sets A1 Q for this algebra are as follows: 

M wo = {(110, TO), (111, TT)} TWio = {(110, TOO), (11, T)} 
Mi = {(11, TO), (1H,TT0)} Mho = {(100, 10), (111,1)} (A.5) 

M11 - {(10, 1), (HI, TOO)} Mm = {(11, 100), (110, 1)} 

and the general form of the quantities ujjk are: 

wioo.oio = 2(ki + k 2 + K3), w io,ooi = 2(3ki — k 2 — k 3 ), 

wuo.ooi = 2(«i - 3k 2 + Kg), wioo.on = 2(-«i - k 2 + 3k 3 ), (A. 6) 
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5. g ~ B 3 — algebra. The sets M Q here are given by: 



M 100 

Mm 

Mi 

■Mho 

Mu 

Mm 

Mia 

M112 



M122 

and the coefficients uijk (1.9) are: 
wioo.io = 2 (ki + K2 + K3), wioo.il = 4k 3, 
wiio.i = 2(ki - k 2 + K3), wio,i = 4ki, 
wi.no = -4«2, ,u = -4«i, 



{(110,10), (111, IT), (112, T2)} 
{(110,100), (11,1), (122,112)} 
{(11, TO), (12, IT), (111, TTO), (112, HI)} 
{(100, 10), (111,1), (122,12)} 
{(1, 10), (12, TT), (111,100), (122, TIT)} 
{(100, 11), (110, 1), (122,11), (112,1)} 
{(1,11), (112, 100), (122, TTO)} 
{(100, 12), (111,1), (122, TO)} 
{(11, 111), (112, 10), (110, 12)} 



(A.7) 



WlQO.12 = — 2(«1 + K2 + K 3 ), 
^10,112 = — 2(Ki — «2 — ^3), 
^1,111 = — 4«2, WH in = - 



(A.8) 



4/c 3 



with Ki, K2 and K3 given by ( A.l). 

6. g ~ C3— algebra. Here we have: 

M100 = {(HO, TO), (1H,TT), (121,21), (221,121)} 

M10 = {(110,100), (11, T), (21, TT), (121, TTT} 

Mi = {(11, TO), (111, TTO)} 

Mho = {(100, 10), (111,1), (121, TT), (221, TTT} 

Mn = {(1, 10), (111, TOO), (21, TO), (121, TTO)} 

Mm = {(100, 11), (110, 1), (221, TTO), (121, TO)} 

M21 = {(10, 11), (121, TOO)} 

M121 = {(100, 21), (110, 11), (111, 10), (221, TOO} 

Mi22 = {(121,100),(110,lll)} 



(A.9) 



and the coefficients u)jk (1.9) are: 
^100,10 = 2(ki + K2 + K3), Wioo.ll = 
^110,11 = -2(«l -«2 + «3)j Wio.ll 

^10,1 =4ki, wio.m = -2(«i - Ka - 
where again k 1; k 2 and k 3 are given by (A.l) 



-2(/si 
= -4ki, 

«3), 



K2 ~ K 3 ), 
^1,110 = 
^100,121 



^100,21 

-4k 2 , 
= -4« 3 . 



= 4k 3 , 

(A.10) 

^110,111 = — 4k 2 



Appendix B. 

Here we show some typical interaction terms for each of the four types of reductions. 
There we have also replaced the constant Co by its apropriate value. The form of these 
terms crucially depends on whether the roots a, (3 and 7 belong to &P + or Ai_. 
a)a,f3,j€ A°_. 

1) {/t} = '^ ria -' a ' U} ' 3 ^ J dx (l<x1*P' < £t' + VQa'IPQ-y) ■ ( R1 ) 

2) < a \ =n ata >up„ / dx (q a qp>q~/' + VQa'qpq*/) ■ (B.2) 
I Pj 7 J R J -00 
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= i 

R 



3) 

4) 



a 

0,-y 



<*,<*> wp,~/ / dx (q a ptp,p%> - W-a'Wi) 



b) a^eA° + ,peA\. 



1) 

2) 
3) 
4) 



a,a<up n / dx (q a p*_ f3 ,q*, +?7<7*<(?/3<? 7 ) • 



1 

= fia, a 'W/?, 7 / (q a p-p>qy + ma'QpQj) ■ 



a 
A 7 



1 



A 7 



a : a'^, 7 / dx (g Q g* /3 ,pl 7 , - VP-a'QfiQt) ■ 



= n a ,a>Ui3,i I dx (q a q-f3>p-~f< - np^qpq^) . 
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B.3) 
B.4) 

B.5) 
B.6) 
B.7) 
B.8) 



The right hand side of (B.5) coincides with the standard interaction terms in (3.10) 
only if /?' = /3 and 7' = —7, i.e. only if /3, 7 6 A|. There are a special subcases of 
(B.l) when 7' = a; then 



1) 

2) 
3) 
4) 

1) 

2) 
3) 
4) 

1) 

2) 
3) 
4) 



, j = A=n«, a 'Up,y I <l.r {',>t„' 2 l>'..,r - </!'/./"</.;) 



a', 7 



a 
a', 7 

a 
a', 7 



= n a>Q >up tl j dx (qlp-0 + ml'lp) ■ 

J — OO 

1 f°° 

= -j=n a>a iUp n / dx (q a P*- a qtf3> - VP-cq^qp) 



/OO 
dx {q a p- a qp - r)p^ Q ,q a ,qp) . 
-OO 



c) a,/3,7 € A+,. 



, (• - -=.n a ,a>U0 n / dx (q a p*_ ,p*_ Y +r)p*_ a ,q q^) 

> ) R. VI J -00 

poo 

1 a ,a'W/3, 7 / dx (qaP-p.p-^i + np^a'qpq-f) 



a 

A7j, 
a 



1 



W/3, 7 / da; (q a ql f3 ,qly - m-a'Wl) 



R \ = n a>a 'Vp,i / dx {q a q-fj'q-Y - m-^qmi) ■ 
d) a,7 e A+,/3 € A+. 

= -j=n a , a >up n J dx (q a q*p,p%, + r)p*_ a ,qpq^) . 

poo 

= n aja iWp„ / dx (q a q/3'P-Y + T)P-a' QfiQ-y) ■ 



a 



R 



a 
a 



1 



-V 



a,a>wp,~, I dx (q a ptp,qt y , - m-a'Wi) ■ 



In 



= n a)a >Wp„ / dx (q a p^p>q^> - m-a' Qpli) ■ 



(B.9) 
B.10) 
B.ll) 
B.12) 

B.13) 
B.14) 
B.15) 
B.16) 

B.17) 
B.18) 
B.19) 
B.20) 
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with a similar particular case when a = —7'. 
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